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1. Introduction
The spectrum of operators and their couplings in a conformal field theory can be
explored by analysing the four point correlation functions for any basic set of operators
φi such that 〈φ1φ2φ3φ4〉 can be calculated. Using the operator product expansion for
any pair φiφj which appear in the correlation function provides an expansion in terms of
conformal partial waves, functions which depend on the spins and scale dimensions of the
operators which are present in the operator product expansion. Just as many of the parti-
cles appearing in the data tables were found by a partial wave analysis of experimentally
measured scattering amplitudes then the spectrum and anomalous dimensions of operators
may be determined through the conformal partial wave expansion of conformal four point
functions.
For the simplest example we may consider a single scalar field φ of scale dimension
∆φ so that 〈
φ(x1)φ(x2)φ(x3)φ(x4)
〉
=
1(
x 212 x
2
34
)∆φ G(u, v) , (1.1)
for
xij = xi − xj , u = x
2
12 x
2
34
x 213 x
2
24
, v =
x 214 x
2
23
x 213 x
2
24
, (1.2)
where u, v are conformal invariants. The operator product expansion here takes the form
φ(x1)φ(x2) =
∑
∆,ℓ,I
CφφOI
1(
x 212
) 1
2
(2∆φ−∆+ℓ)
C
(ℓ)
∆ (x12, ∂x2)µ1...µℓO
I
µ1...µℓ(x2) , (1.3)
where OIµ1...µℓ is a symmetric traceless rank ℓ tensor conformal primary operator with
scale dimension ∆, I labels different operators with the same ∆, ℓ. {OIµ1...µℓ} are assumed
to form the complete set of operators appearing in the operator product expansion of φφ.
In (1.3) C
(ℓ)
∆ (x, ∂) are differential operators constructed so that (1.3) is compatible with
form of the three point function 〈φφOI〉 and the two point function 〈OIOJ 〉. The first is
given by
〈
φ(x1)φ(x2)O
I
µ1...µℓ(x3)
〉
=
1
COI
CφφOI
1(
x 212
)∆φ
( x 212
x 213 x
2
23
) 1
2
(∆−ℓ)
Z{µ1 . . . Zµℓ} , (1.4)
where
Zµ =
x13µ
x 213
− x23µ
x 223
, (1.5)
and {. . .} denotes symmetrisation and removal of traces. The two point function is also
〈
OIµ1...µℓ(x1)O
J
ν1...νℓ(x2)
〉
= COI δ
IJ 1(
x 212
)∆ I{µ1|ν1(x12) . . . Iµℓ}νℓ(x12) , (1.6)
1
where Iµν is the inversion tensor,
Iµν(x) = δµν − 2xµxν
x2
. (1.7)
The differential operator C
(ℓ)
∆ (x, ∂) is then such that C
(ℓ)
∆ (x, 0)µ1...µℓ = x{µ1 . . . xµℓ}.
Using the operator product expansion (1.3) in (1.1) gives rise to the conformal partial
wave expansion,
G(u, v) =
∑
∆,ℓ
a∆ℓ u
1
2
(∆−ℓ)G
(ℓ)
∆ (u, v) , (1.8)
where
a∆ℓ =
∑
I
1
COI
(
CφφOI
)2
, (1.9)
and the partial wave amplitudes G
(ℓ)
∆ (u, v) are explicitly known functions, at least in di-
mensions d = 2, 4, 6, which may be expanded in powers of u and 1− v, satisfying,
G
(ℓ)
∆ (u, v) = (−1)ℓv−
1
2
(∆−ℓ)G
(ℓ)
∆ (u/v, 1/v) . (1.10)
For functions G satisfying crossing symmetry under x1 ↔ x2, G(u, v) = G(u/v, 1/v), this
ensures that only ℓ even appears in the summation in (1.8). In general we may set COI = 1
by a choice of normalisation. We also assume Cφ = 1. For the energy momentum tensor,
for which ∆ = d, ℓ = 2, there is however a canonical normalisation such that [1,2]
CφφT = − 1
Sd
∆φd
d− 1 , Sd =
2π
1
2
d
Γ( 1
2
d)
. (1.11)
In conformal field theories the essential function G(u, v) in (1.1) may be calculated as
a perturbative series in a small parameter ǫ, either the coupling or 1/N for large N , and
in general it has an expansion in ǫ of the form
G(u, v) = G0(u, v) +
∑
r=1,2,...
ǫr
r∑
s=0
lnsu Gr,s(u, v) , (1.12)
where G0 is the free field contribution. The conformal partial wave expansion for G may
be written as in (1.3) with ∆→ ∆I where I now labels different operators with the same
scale dimension ∆0 and ℓ for ǫ = 0. With the expansions
∆I = ∆0 + ǫ∆I,1 + ǫ
2∆I,2 + . . . , a
∆I
ℓ = a
∆0
ℓ,I + ǫ b
∆0
ℓ,I + . . . , (1.13)
2
we may derive
G0(u, v) =
∑
∆0,ℓ,I
a∆0ℓ,I u
1
2
(∆0−ℓ)G
(ℓ)
∆0
(u, v) ,
G1,1(u, v) = 12
∑
∆0,ℓ,I
∆I,1 a
∆0
ℓ,I u
1
2
(∆0−ℓ)G
(ℓ)
∆0
(u, v) ,
G1,0(u, v) =
∑
∆0,ℓ,I
u
1
2
(∆0−ℓ)
(
b∆0ℓ,I G
(ℓ)
∆0
(u, v) + ∆I,1 a
∆0
ℓ,I G
(ℓ)
∆0
′(u, v)
)
,
G2,2(u, v) = 18
∑
∆0,ℓ,I
∆2I,1 a
∆0
ℓ,I u
1
2
(∆0−ℓ)G
(ℓ)
∆0
(u, v) ,
G2,1(u, v) = 12
∑
∆0,ℓ,I
u
1
2
(∆0−ℓ)
((
∆I,2 a
∆0
ℓ,I +∆I,1 b
∆0
ℓ,I
)
G
(ℓ)
∆0
(u, v) + ∆2I,1 a
∆0
ℓ,I G
(ℓ)
∆0
′(u, v)
)
,
(1.14)
where
G
(ℓ)
∆0
′(u, v) =
∂
∂∆
G
(ℓ)
∆ (u, v)
∣∣∣
∆=∆0
. (1.15)
In principle, for expansions to arbitrary orders in ǫ, we may determine
∑
I ∆
n
I,r a
∆0
ℓ,I . For
r = 1 for instance we need to consider the expansion of the coefficient of (ǫ lnu)n,
Gn,n(u, v). However this is an inefficient procedure even for determining ∆I,1 except if
there is no degeneracy and it is sufficient to restrict to n = 1. Such perturbative expan-
sions were first applied for conformal O(N) sigma models in dimensions 2 < d < 4 [3,4] but
were later applied to superconformal gauge theories in four dimensions [5,6,7,8,9,10,11].
In this paper we apply such expansions to the four point correlation functions of 12 -
BPS operators, whose lowest scale dimension operator belongs to the SU(4) representation
with Dynkin labels [0, p, 0], in N = 4 superconformal theories, extending previous results
and offering a more complete discussion. For such correlation functions the implications of
N = 4 superconformal symmetry have been analysed [12,13,14] and it has been shown how
this is compatible with the appearance of various possible supermultiplets in the operator
product expansion [14]. In addition for p = 2, 3, 4 perturbative results to order g4 in the
gauge coupling have been found [15,16,17] and also to order 1/N2 using the AdS/CFT
correspondence [18,19,20]. We use these results in our discussion. A special feature of
superconformal theories is the existence of supermultiplets which satisfy shortening con-
ditions and in consequence the operators have no anomalous scale dimensions. Only long
multiplets, where the dimension of conformal primary operators is proportional to 216 in
N = 4, can have anomalous dimensions but in order to determine these it is necessary to
separate off the contributions of short, for which the lowest scale dimension or supercon-
formal primary operator has ℓ = 0, and semi-short multiplets, for which ℓ > 0 is allowed.
This may be accomplished using the solutions of the superconformal Ward identities.
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In detail in section 2 we show how the results of superconformal symmetry, following
[14], allow an operator product expansion for the correlation functions of N = 4 chiral
primary operators in which the contribution of entire supermultiplets is evident. It is shown
how non unitary multiplets are cancelled and how there are potential ambiguities due to
the decomposition of a long multiplet into semi-short multiplets at unitarity threshold.
In section 3 this is applied to free field theory, which is initially expressed in terms of
a general linear combination of symmetric polynomials and later specialised to the large
N limit. The operator product expansion is carried out in detail and contributions for
various supermultiplets identified. In section 4 results from the AdS/CFT correspondence
are applied in the large N strong coupling limit. It is shown how low twist long multiplets
which appear in the conformal wave expansion of the large N results without anomalous
dimensions cancel exactly corresponding contributions from free field theory. This is in
accord with the expectation from string theory that these should decouple [21]. In section
5 some perturbative results are considered. Some technical details relevant for obtaining
the operator product expansions are left to five appendices.
2. Superconformal Expansions
In a N = 4 superconformal theory the correlation functions for chiral primary 1
2
-
BPS operators, which belong to the SU(4) [0, p, 0] representation, are given by symmetric
traceless tensor fields ϕr1...rp(x) and have ∆ = p and ℓ = 0. Their correlation functions may
be calculated both perturbatively and for large N through the AdS/CFT correspondence.
For detailed analysis for arbitrary p it is very convenient to consider instead ϕ(p)(x, t) =
ϕr1...rp(x) tr1 . . . trp for tr an arbitrary six dimensional complex null vector. The four point
correlation functions of interest here are then simply given by an extension of (1.1)
〈
ϕ(p)(x1, t1)ϕ
(p)(x2, t2)ϕ
(p)(x3, t3)ϕ
(p)(x4, t4)
〉
=
(
t1·t2 t3·t4
x 212 x
2
34
)p
G(u, v; σ, τ) , (2.1)
for u, v as in (1.2) and σ, τ SU(4) invariants which are defined by
σ =
t1·t3 t2·t4
t1·t2 t3·t4 , τ =
t1·t4 t2·t3
t1·t2 t3·t4 . (2.2)
Necessarily, since the correlation function is homogeneous of degree p in each ti, G(u, v; σ, τ)
is a polynomial of degree p in σ, τ (i.e it may be expanded in monomials σrτ s with
r+s ≤ p). It may be decomposed into contributions for the differing SU(4) representations
in the tensor product [0, p, 0]⊗ [0, p, 0] for ϕ(p)(x1, t1)ϕ(p)(x2, t2) by writing
G(u, v; σ, τ) =
∑
0≤m≤n≤p
anm(u, v) Ynm(σ, τ) , (2.3)
4
where anm corresponds to the representation [n−m, 2m,n−m] and Ynm are two variable
harmonic polynomials which, as shown in [14], are given explicitly in terms of single variable
Legendre polynomials by
Ynm(σ, τ) =
Pn+1(y)Pm(y¯)− Pm(y)Pn+1(y¯)
y − y¯ , σ =
1
4(1+ y)(1+ y¯) , τ =
1
4 (1− y)(1− y¯) .
(2.4)
In a conformal theory the operator product expansion is reflected by the expansion of anm
in terms of conformal partial waves which takes the form
anm(u, v) =
∑
∆,ℓ
a∆nm,ℓ u
1
2
(∆−ℓ)G
(ℓ)
∆ (u, v) , (2.5)
where a∆nm,ℓ corresponds to the contribution of a conformal primary operator with spin
ℓ and scale dimension ∆. The conformal partial wave functions G
(ℓ)
∆ (u, v) are explicitly
known functions which have a simple expression in four dimensions. Of course as a con-
sequence of superconformal symmetry the conformal primary operators must belong to
supermultiplets in each of which there is a finite range of related possible ℓ and ∆, the
operator with lowest ∆ is termed the superconformal primary for the appropriate super-
multiplet. Manifestly all operators belonging to a given supermultiplet must have the same
anomalous dimension. In general it is non trivial to separate the contributions in the oper-
ator product expansion of descendant operators from superconformal primary operators.
This difficulty is easily resolved by considering the solution of the superconformal
Ward identities for G which require [13,14]
G(xx¯, (1− x)(1− x¯);αα¯, (1− α)(1− α¯))∣∣
α¯= 1
x¯
= k +
(
α− 1
x
)
fˆ(x, 2α− 1) . (2.6)
The solution of (2.6) can be written as
G(u, v; σ, τ) = k + Gfˆ (u, v; σ, τ) + s(u, v; σ, τ)H(u, v; σ, τ) ,
s(u, v; σ, τ) = v + σ2uv + τ2u+ σ v(v − 1− u) + τ(1− u− v) + στ u(u− 1− v) ,
(2.7)
where Gfˆ may be explicitly given in terms of fˆ . The constant k and the function fˆ(x, y),
a polynomial in y of degree p − 1, are determined by the free field results for G whereas
dynamical effects, which lead to anomalous dimensions, are contained in the function H
which is a polynomial in σ, τ of degree p− 2. Instead of considering the conformal partial
wave expansion of G it is sufficient to expand H and fˆ as in [14] so that
H(u, v; σ, τ) =
∑
0≤m≤n≤p−2
Anm(u, v) Ynm(σ, τ)
=
∑
0≤m≤n≤p−2
∆,ℓ
A∆nm,ℓ u
1
2
(∆−ℓ)G
(ℓ)
∆+4(u, v) Ynm(σ, τ) .
(2.8)
5
As a consequence of crossing symmetry of (2.1) under x1, t1 ↔ x2, t2 we have
Anm(u, v) = (−1)n+m 1
v2
Anm(u/v, 1/v) , (2.9)
and hence, from (1.10), in the conformal partial wave expansion (2.8) we have ℓ = 0, 2, . . .
for n+m even and otherwise ℓ = 1, 3, . . .. We may also similarly expand fˆ in the form
fˆ(x, y) = −2
∑
0≤n≤p−1
ℓ
bn,ℓ g0,ℓ+2(x)Pn(y)
{
ℓ odd if n even
ℓ even if n odd
, (2.10)
with the definition
gt,ℓ(x) =
(−12x)ℓF (t+ ℓ, t+ ℓ; 2t+ 2ℓ; x) . (2.11)
In general in (2.10) ℓ ≥ 0 except when n = 0 it is necessary in general to include ℓ = −1 in
the sum. These expansions determine the conformal partial wave expansion for anm(u, v)
in a form where the contribution of each superconformal multiplet is explicit,
an′m′ = k δn′0δm′0 +
∑
0≤m≤n≤p−2
∆,ℓ
A∆nm,ℓ an′m′
(A∆nm,ℓ)
+
1
4
∑
ℓ
b0,ℓ+1 an′m′
(C00,ℓ)+ ∑
0≤n≤p−2
ℓ
bn+1,ℓ an′m′
(Dn0,ℓ) . (2.12)
Here anm(M) are the contributions corresponding to a supermultiplet M, for each M
anm(M) is given by a finite linear combination of u 12 (∆−ℓ)G(ℓ)∆ (u, v) for the appropriate
∆, ℓ corresponding to all operators belonging to the SU(4) representation labelled by nm
in the multiplet M. For each possible N = 4 supermultiplet, as described for instance in
[22], detailed results for anm(M) are given in [14]. A∆nm,ℓ denotes a generic long multiplet
whose lowest state has scale dimension ∆, spin ℓ and belongs to the SU(4) representation
labelled by nm, for unitarity ∆ ≥ 2n + ℓ+ 2. Conversely Dnm,ℓ and Cnm,ℓ are semi-short
supermultiplets in which the scale dimension for the lowest state is determined to be 2m+ℓ
and 2n+ ℓ+ 2 respectively. These occur in the decompositions
A2m+ℓnm,ℓ ≃ Dnm,ℓ ⊕Dnm+1,ℓ−1 ⊕ . . . , m = 0, 1, . . . , n− 1 ,
A2n+ℓnn,ℓ ≃ Dnn,ℓ ⊕ Cn+1n+1,ℓ−2 ⊕ . . . ,
A2n+ℓnm,ℓ ≃ Cnm,ℓ ⊕ Cn+1m,ℓ−1 ⊕ . . . , n = m,m+ 1, . . . ,
(2.13)
where in each case two multiplets are omitted which are irrelevant since they cannot
contribute in the operator product expansions here. Correspondingly we have1
an′m′
(A2m+ℓnm,ℓ ) = an′m′(Dnm,ℓ)+ m+ 14(2m+ 1) an′m′(Dnm+1,ℓ−1) , (2.14a)
1 For convenience the normalisation of a
n′m′
(A∆nm,ℓ) is changed from that used in [14] by a
factor 16.
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an′m′
(A2n+ℓnn,ℓ ) = an′m′(Dnn,ℓ)+ (n+ 1)(n+ 2)16(2n+ 1)(2n+ 3) an′m′(Cn+1 n+1,ℓ−2) , (2.14b)
an′m′
(A2n+ℓ+2nm,ℓ ) = an′m′(Cnm,ℓ)+ n+ 24(2n+ 3) an′m′(Cn+1m,ℓ−1) . (2.14c)
When ℓ = 0 in (2.14b) we may use
an′m′
(Cnn,−2) = − 4 an′m′(Bnn)+ (n+ 1)(n+ 2)
(2n+ 1)(2n+ 3)
an′m′
(Bn+1n+1) ,
an′m′
(B00) = δn′0δm′0 ,
(2.15)
where, for n ≥ 1, Bnn denotes the 12 -BPS short multiplet corresponding to the [0, 2n, 0]
SU(4) representation with ∆ = 2n (B00 is the trivial singlet multiplet for the identity
operator). In (2.14c) for ℓ = 0 we also have
an′m′
(Cnm,−1) = n+ 1
2n+ 1
an′m′
(Bn+1m) , (2.16)
where, for n > m, Bnm is a 14 -BPS short multiplet corresponding to the [n−m, 2m,n−m]
representation.
The multiplets Dnm,ℓ are non unitary and their contributions must be cancelled in
the conformal partial wave expansion for a unitary theory. The coefficients for non unitary
long multiplets with ∆ = 2t+ ℓ, t = 0, 1, . . . , n, are written A2t+ℓnm,ℓ ≡ Anm,tℓ and we must
then have
bn+1,ℓ +An0,0ℓ = 0 , n = 0, 1, . . . , p− 2 ,
m+ 1
4(2m+ 1)
Anm,mℓ +Anm+1,m+1 ℓ−1 = 0 , m = 0, 1, . . . , n− 1 ≤ p− 3 .
(2.17)
In other cases we must also require
Anm,tℓ = 0 , t = 0, . . . , n , t 6= m. (2.18)
With the above relations we get
an′m′ = k δn′0δm′0 +
∑
0≤m≤n≤p−2
∆,ℓ
A∆nm,ℓ an′m′
(A∆nm,ℓ)+ 14
∑
ℓ
b0,ℓ+1 an′m′
(C00,ℓ)
+
∑
0≤n≤p−2
ℓ
(n+ 1)(n+ 2)
16(2n+ 1)(2n+ 3)
Ann,nℓ an′m′
(Cn+1n+1,ℓ−2) .
(2.19)
As may be seen from (2.14c) the contributions to the partial waves of the semi-short
multiplets Cnn,ℓ for n = 0, 1, . . . , p − 1 cannot be combined to those corresponding to a
7
long multiplet. However using (2.14c) any particular semi-short multiplet can be taken
to be part of a long multiplet at the expense of introducing the contribution for another
semi-short multiplet. In an interacting theory in general all long multiplets are expected
to gain anomalous dimensions but in a free theory with canonical scale dimensions there
is an inherent ambiguity as a consequence of (2.14c) in writing the superconformal partial
wave expansion. Necessarily, so long as the coefficients are non zero, the contributions
corresponding to at least p semi-short multiplets for each appropriate ℓ must be present in
the expansion. In any interacting theory no contribution corresponding to C00,ℓ should be
present as it contains higher spin conserved currents. If this is removed by using (2.14c)
to be part of the associated twist 2 long multiplet Aℓ+200,ℓ we obtain from (2.19)
an′m′ = C δn′0δm′0 +
p∑
n=1
Cn an′m′
(Bnn)+ C20 an′m′(B20)
+
∑
0≤m≤n≤p−2
∆,ℓ
Aˆ∆nm,ℓ an′m′
(A∆nm,ℓ)− 124
∑
ℓ=1,3,...
b0,ℓ+2 an′m′
(C10,ℓ)
+
∑
0≤n≤p−2
ℓ=0,2,...
(n+ 1)(n+ 2)
16(2n+ 1)(2n+ 3)
Ann,n ℓ+2 an′m′
(Cn+1n+1,ℓ) ,
(2.20)
where we define for ∆ = ℓ+ 2,
Aˆ00,1ℓ = A00,1ℓ +
1
4 b0,ℓ+1 , ℓ = 0, 2, . . . , (2.21)
with otherwise Aˆnm,tℓ = Anm,tℓ. The remaining coefficients are given by
C = k − b0,−1 , C1 = 16(b0,−1 − A00,00) , (2.22)
and for n = 2, 3, . . . , p
Cn =− n(n+ 1)
4(2n− 1)(2n+ 1) An−1n−1,n−1 0
+
(n− 1)n2(n+ 1)
16(2n− 3)(2n− 1)2(2n+ 1) An−2n−2,n−2 0 ,
(2.23)
and also,
C20 = − 136b0,1 . (2.24)
For unitarity it is necessary that all coefficients are positive and that only contributions
for ∆ ≥ 2n + ℓ + 2 arise. In general further rearrangements are necessary to achieve this
as demonstrated later.
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3. Free Field Results
We here consider the superconformal expansions for four point functions of BPS op-
erators for p = 2, 3, 4 in the free field case. We present the results in each case first and
then draw more general conclusions.
The results for G in free field theory are expressible in terms of crossing symmetric
polynomials Sp(σ, τ) which are defined by
Sp(σ, τ) = Sp(τ, σ) = τ
pSp(σ/τ, 1/τ) . (3.1)
A basis for minimal polynomials is given for p = 1, 2, 3, . . . by first defining
Sp,i(σ, τ) =


σp + τp + 1 , i = 0 ,
σp−iτ i + σiτp−i + σp−i + τp−i + σi + τ i , i = 1, 2, . . . , i < 1
2
p ,
σ
1
2
pτ
1
2
p + σ
1
2
p + τ
1
2
p , i = 12p, p even .
(3.2)
Assuming
S0,0(σ, τ) = 1 , (3.3)
we then define a complete set of crossing symmetric polynomials by
Sp(i,j)(σ, τ) = (στ)
jSp−3j,i(σ, τ) , i = 0, 1, . . . , [
1
2(p− 3j)], j = 0, 1, . . . , [ 13p] , (3.4)
so that 2i + 3j ≤ p. For each p a formula for the number of independent (i, j) is given
in [14,12]. The contributions represented by each polynomial correspond to the different
possible sets of crossing symmetric free field graphs where the vertices are linked by l,m, n
lines, as shown in Fig. 1, where l +m + n = p and l ≥ m ≥ n ≥ 0 and where we identify
n = j, m = i+ j.
      l l
     m
    m
n
1 3
2  4
Fig. 1 Free field contributions to four point function for l = 5, m = 3, n = 2.
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For p = 2 there are just two possible polynomials and the free field results are in
general expressible as
G0(u, v; σ, τ) = S2(0,0)(σu, τu/v) + a S2(1,0)(σu, τu/v) , (3.5)
for some coefficient a. The first term corresponds to disconnected graphs, its coefficient is
one as a consequence of normalising the two point function for the BPS operators to one.
In the large N limit the connected contribution is suppressed and we have
a =
4
N2
. (3.6)
From this we may determine
k = 3(1 + a) , H0(u, v; σ, t) = 1 + 1
v2
+ a
1
v
, (3.7)
and
fˆ(x, y) = 12y
(
x2 + x′2 − a(x+ x′))+ 12(x2 − x′2 + (2 + 3a)(x− x′)) , (3.8)
where
x′ =
x
x− 1 , x+ x
′ = xx′ =
x2
x− 1 . (3.9)
The expansion of H0 in (3.7) gives
A00,tℓ = 2
ℓ+1 (ℓ+ t+ 1)!
2(t!)2
(2ℓ+ 2t+ 2)!(2t)!
(
(ℓ+ 1)(ℓ+ 2t+ 2) + a(−1)t) , (3.10)
and for fˆ in (3.8)
b1,ℓ = − 2ℓ+1 (ℓ+ 1)!
2
(2ℓ+ 2)!
(
(ℓ+ 1)(ℓ+ 2) + a
)
, ℓ = 0, 2 . . . ,
b0,ℓ = − 2ℓ+1 (ℓ+ 1)!
2
(2ℓ+ 2)!
(
ℓ(ℓ+ 3)− 3a) , ℓ = −1, 1, . . . . (3.11)
As required by (2.17) to remove twist zero A00,0,ℓ+b1,ℓ = 0. The results (2.22), (2.23) and
(2.24) give
C = 1 , C1 =
1
3
a , C2 =
1
30
(
1 + 1
2
a
)
, C20 =
2
27
(
1− 3
4
a
)
. (3.12)
The result that C = 1 is necessary for consistency with our normalisation since the coef-
ficient of the identity in the operator product expansion is the same as that for the two
point function. From (2.21) we get
Aˆ00,1ℓ = 2
ℓ+1 (ℓ+ 2)!
2
(2ℓ+ 4)!
a . (3.13)
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The expansion for the free theory then becomes
an′m′ = δn′0δm′0 +
2∑
n=1
Cn an′m′
(Bnn)+ C20 an′m′(B20)+ ∑
ℓ=0,2,...,t≥1
Aˆ00,tℓ an′m′
(A2t+ℓ00,ℓ )
+ 124
∑
ℓ=0,2,...
(
A00,0 ℓ+2 an′m′
(C11,ℓ)− b0,ℓ+3 an′m′(C10,ℓ+1)) . (3.14)
The positivity requirements are satisfied for 0 < a ≤ 43 (in general for N = 4 SU(N)
superconformal theory a = 4/(N2 − 1) so that a = 43 when N = 2).
For p = 3 the free field theory result for the correlation function is in general
G0(u, v; σ, τ) = S3(0,0)(σu, τu/v) + a S3(1,0)(σu, τu/v) + b S3(0,1)(σu, τu/v) , (3.15)
where as before the leading coefficient is taken to be 1 and for large N we have
a =
9
N2
, b =
18
N2
. (3.16)
From (3.15) we may determine
k = 3 + 6a+ b , (3.17)
and
H0(u, v; σ, τ) = 1
v3
(
1
2
(σ + τ)u(1 + v3) + 1
2
(σ − τ)(− 3u(1− v3) + 2(1− v)(1 + v3))
+ u(1 + v3)− 1 + 2v + 2v3 − v4
)
+ a
1
v2
(
1
2
(σ + τ)u(1 + v) + 1
2
(σ − τ)(1− v)(2(1 + v)− u)+ (1 + v)2)
+ b
1
v
, (3.18)
and
fˆ(x, y) = 14
(
(y2 + 1)(x3 − x′3) + 2y(x3 + x′3 + x2 + x′2) + 2(x2 − x′2) + 4(x− x′))
− 1
4
a
(
(y2 − 3)(x2 − x′2)− 2y(x2 + x′2 − 2(x+ x′))− 12(x− x′))
− 12b
(
y(x+ x′)− (x− x′)) . (3.19)
Using from (2.4)
Y00 = 1 , Y10 = 3(σ − τ) , Y11 = 3(σ + τ)− 1 , (3.20)
and letting
Anm,tℓ = 2
ℓ−2 (ℓ+ t+ 1)!
2 (t!)2
3(2ℓ+ 2t+ 2)! (2t)!
anm,tℓ , (3.21)
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we have
a11,tℓ = t(t+ 1)(ℓ+ 1)(ℓ+ 2t+ 2)(ℓ+ t+ 1)(ℓ+ t+ 2)
+ 4a
(
(1− (−1)t)(ℓ+ t+ 1)(ℓ+ t+ 2)− (1 + (−1)t)t(t+ 1)) ,
a10,tℓ = (t− 1)(t+ 2)(ℓ+ 1)(ℓ+ 2t+ 2)(ℓ+ t)(ℓ+ t+ 3)
− 4a(1 + (−1)t)(ℓ+ 1)(ℓ+ 2t+ 2) ,
a00,tℓ = (t− 2)(t+ 3)(ℓ+ 1)(ℓ+ 2t+ 2)(ℓ+ t− 1)(ℓ+ t+ 4)
+ 4a
(
(1− (−1)t)(ℓ+ t+ 1)(ℓ+ t+ 2)− (1 + (−1)t)t(t+ 1))
+ 24a(ℓ+ 1)(ℓ+ 2t+ 2) + 24(2a+ b)(−1)t .
(3.22)
In addition from (3.19) we obtain
b2,ℓ =
1
3
2ℓ−1
(ℓ+ 1)!2
(2ℓ+ 2)!
(ℓ+ 1)(ℓ+ 2)
(
ℓ(ℓ+ 3) + 4a
)
,
b1,ℓ = 2
ℓ−1 (ℓ+ 1)!
2
(2ℓ+ 2)!
(
(ℓ+ 1)(ℓ+ 2)
(
(ℓ− 1)(ℓ+ 4)− 4a)− 8a− 4b) ,
b0,ℓ =
1
3
2ℓ
(ℓ+ 1)!2
(2ℓ+ 2)!
(
(ℓ− 1)(ℓ+ 4)(ℓ(ℓ+ 3)− 8a)− 12a+ 6b) .
(3.23)
As required by (2.17) the twist zero contributions are cancelled as a consequence of
A00,0ℓ + b1,ℓ = 0, A10,0ℓ + b2,ℓ = 0 while removal of twist two contributions from the
[0, 2, 0] partial wave follows from A11,1 ℓ +
1
4
A10,0 ℓ+1 = 0 which are satisfied by (3.22) and
(3.23). Furthermore a11,0ℓ = a10,1ℓ = 0 in accord with (2.18). Using (2.22) and (2.23)
gives
C = 1 , C1 =
1
3a , C2 =
1
60(2a+ b) , C3 =
1
1050(1 + a) , (3.24)
where C = 1 is necessary for consistency as before. From (2.21) we also have
Aˆ00,1ℓ = 2
ℓ+1 (ℓ+ 2)!
2
(2ℓ+ 4)!
a . (3.25)
However A00,0ℓ < 0 for ℓ ≥ 2 and b0,ℓ > 0 for ℓ > 1. These negative semi-short contribu-
tions may be absorbed into the corresponding long multiplets by letting A→ Aˆ for
Aˆ10,2ℓ = A10,2ℓ − 124 b0,ℓ+2 , Aˆ11,2ℓ = A11,2ℓ + 124 A00,0 ℓ+2 (3.26)
which gives for this case
Aˆ10,2ℓ = 2
ℓ (ℓ+ 3)!
2
3(2ℓ+ 6)!
(
(ℓ+ 1)(ℓ+ 6)a+ 2a− b) ,
Aˆ11,2ℓ = 2
ℓ (ℓ+ 3)!
2
3(2ℓ+ 6)!
(
(ℓ+ 3)(ℓ+ 4)a+ b
)
.
(3.27)
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The remaining twist 4 contribution is given by
A00,2ℓ = 2
ℓ (ℓ+ 3)!
2
3(2ℓ+ 6)!
(
(ℓ+ 1)(ℓ+ 6)a+ b
)
. (3.28)
The expansion for the free theory then becomes
an′m′ = δn′0δm′0 +
3∑
n=1
Cn an′m′
(Bnn)+ C20 an′m′(B20)+ C31 an′m′(B31)
+
∑
0≤m≤n≤1
t,ℓ
Aˆnm,tℓ an′m′
(A2t+ℓnm,ℓ) (3.29)
+ 1
160
∑
ℓ=0,2,...
(
4A11,1 ℓ+2 an′m′
(C22,ℓ)− A00,0 ℓ+4 an′m′(C21,ℓ+1)+ b0,ℓ+3 an′m′(C20,ℓ)) ,
with in general
C31 = − 3800 A00,02 . (3.30)
Hence from (2.24) and (3.30) we obtain
C20 =
1
54
(2a− b) , C31 = 32000(18− 4a− b) . (3.31)
For p = 4 the free field theory result for the correlation function is in general
G0(u, v; σ, τ) = S4(0,0)(σu, τu/v) + a S4(1,0)(σu, τu/v)
+ b S4(2,0)(σu, τu/v) + c S4(0,1)(σu, τu/v) ,
(3.32)
where for large N we have
a = b =
16
N2
, c =
32
N2
. (3.33)
In this case from (3.32) we have
k = 3(1 + 2a+ b+ c) , (3.34)
and
H0(u, v; σ, τ)
=
1
v4
(
στ u2(1 + v4)
+ 1
2
(σ − τ)2(2(1− v)2(1 + v4)− 5u(1 + v5) + 3uv(1 + v3) + 4u2(1 + v4))
+ 12 (σ
2 − τ2)(u(1− v)(1 + v4)− 2u2(1− v4))
+ 12 (σ + τ)
(− (1− v)2 + u(1 + v))(1 + v4)
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+ 12 (σ − τ)
(
(1− v)(−3(1 + v) + 7u)(1 + v4) + 8v(1− v)(1 + v3)− 4u2(1− v4))
+ 1 + v6 − 3v(1− v)(1− v3)− 2u(1− v)(1− v4) + u2(1 + v4)
)
+
a
v3
(
στ u2(1 + v2)
+ 1
2
(σ − τ)2(2(1 + v2)2 − 4v(1 + v2)− 3u(1 + v3) + uv(1 + v) + u2(1 + v2))
+ 12 (σ
2 − τ2)(u(1− v)(1 + v2)− u2(1− v2))
+ 12 (σ + τ)
(− (1 + v2)2 + 2v(1 + v2) + 2u(1 + v3) + uv(1 + v))
+ 1
2
(σ − τ)(1− v4 + 2v(1− v2)− uv(1− v)− 2u(1− v3))
− (1− v2)2 + 2v(1 + v2) + u(1 + v3)
)
+
b
v2
(
στ u2 + 12 (σ − τ)2
(
2(1− v)2 − u(1 + v))+ 12 (σ2 − τ2)u(1− v)
+ 1
2
(σ + τ)
(− (1− v)2 + u(1 + v))+ 1
2
(σ − τ)(1− v)(1 + v − u)
+ 1 + v + v2
)
+
c
v2
(
1
2(σ + τ)u(1 + v) +
1
2(σ − τ)(1− v)
(
2(1 + v)− u)+ 3v) . (3.35)
In addition
fˆ(x, y) = 1
8
(
(y3 + 3y)(x4 + x′4) + y2(3(x4 − x′4) + 2(x3 − x′3)))
+ 12y(x
3 + x′3 + x2 + x′2)
+ 18
(
x4 − x′4 + 2(x3 − x′3) + 4(x2 − x′2) + 8(x− x′))
− 18a
(
(y3 − 5y)(x3 + x′3 + x2 + x′2 + 2(x+ x′))− y2(x3 − x′3 − 3(x2 − x′2))
− 18a
(
16y(x+ x′)− 3(x3 − x′3)− 7(x2 − x′2)− 24(x− x′)) ,
+ 1
8
b
(
(y3 + 3y)(x2 + x′2 + 2(x+ x′))− y2(x2 − x′2))
− 18b
(
12y(x+ x′)− 5(x2 − x′2)− 12(x− x′))
− 14c
(
(y2 − 1)(x2 − x′2) + 6y(x+ x′)− 6(x− x′)) . (3.36)
For this case we take from (2.4) as well as (3.20)
Y20 = 10(σ − τ)2 − 5(σ + τ) + 1 , Y21 = 10(σ2 − τ2)− 5(σ − τ) ,
Y22 = 10(σ
2 + τ2) + 40 στ − 8(σ + τ) + 1 , (3.37)
and writing
Anm,tℓ = 2
ℓ−5 (ℓ+ t+ 1)!
2 (t!)2
45(2ℓ+ 2t+ 2)! (2t)!
anm,tℓ , (3.38)
we have the expansion coefficients
a22,tℓ =
1
3 (t− 1)t(t+ 1)(t+ 2)(ℓ+ 1)(ℓ+ 2t+ 2)(ℓ+ t)(ℓ+ t+ 1)(ℓ+ t+ 2)(ℓ+ t+ 3)
14
+ 6 a
(
(1 + (−1)t) t(t+ 1)(ℓ+ t)(ℓ+ t+ 3)((ℓ+ 1)(ℓ+ 2t+ 2) + 2)
+ (1− (−1)t)(t− 1)(t+ 2)(ℓ+ t+ 1)(ℓ+ t+ 2)((ℓ+ 1)(ℓ+ 2t+ 2)− 2))
+ 24 b
(
(1 + (−1)t) t(t+ 1)(ℓ+ t)(ℓ+ t+ 3)
− (1− (−1)t)(t− 1)(t+ 2)(ℓ+ t+ 1)(ℓ+ t+ 2)) ,
a21,tℓ = (t− 2)t(t+ 1)(t+ 3)(ℓ+ 1)(ℓ+ 2t+ 2)(ℓ+ t− 1)(ℓ+ t+ 1)(ℓ+ t+ 2)(ℓ+ t+ 4)
− 36 a(1− (−1)t)(ℓ+ 1)(ℓ+ 2t+ 2)((ℓ+ 3)(ℓ+ 2t) + 2(t+ 1)(t− 2))
− 144 b(1− (−1)t)(ℓ+ 1)(ℓ+ 2t+ 2) ,
a20,tℓ =
2
3
(t− 2)(t− 1)(t+ 2)(t+ 3)(ℓ+ 1)(ℓ+ 2t+ 2)
× (ℓ+ t− 1)(ℓ+ t)(ℓ+ t+ 3)(ℓ+ t+ 4)
− 6 a((1 + (−1)t)(t− 2)(t+ 3)(ℓ+ t)(ℓ+ t+ 3)((ℓ+ 1)(ℓ+ 2t+ 2)− 4)
+ (1− (−1)t)(t− 1)(t+ 2)(ℓ+ t− 1)(ℓ+ t+ 4)((ℓ+ 1)(ℓ+ 2t+ 2) + 4))
+ 48 b
(
2(1 + (−1)t)(ℓ+ 1)(ℓ+ 2t+ 2)
− (−1)t(t− 1)(t+ 2)(ℓ+ t− 1)(ℓ+ t+ 4)) ,
a11,tℓ = 2(t− 3)t(t+ 1)(t+ 4)(ℓ+ 1)(ℓ+ 2t+ 2)
× (ℓ+ t− 2)(ℓ+ t+ 1)(ℓ+ t+ 2)(ℓ+ t+ 5)
+ 12 a
(
t(t+ 1)(11(ℓ+ 1)(ℓ+ 2t+ 2)(ℓ+ t+ 1)(ℓ+ t+ 2) + 12(−1)t(t− 3)(t+ 4))
− 6(1− (−1)t)(ℓ+ 1)(ℓ+ 2t+ 2)((ℓ+ t+ 1)(ℓ+ t+ 2) + (t− 3)(t+ 4))
+ 48 b
(
6(1 + (−1)t)(ℓ+ 1)(ℓ+ 2t+ 2)
+ (−1)t(t− 3)(t+ 4)(ℓ+ t+ 1)(ℓ+ t+ 2))
+ 480 c
(
(1 + (−1)t)(ℓ+ 1)(ℓ+ 2t+ 2)− 2(−1)t(ℓ+ t+ 1)(ℓ+ t+ 2)) ,
a10,tℓ =
5
3 (t− 3)(t− 1)(t+ 2)(t+ 4)(ℓ+ 1)(ℓ+ 2t+ 2)
× (ℓ+ t− 2)(ℓ+ t)(ℓ+ t+ 3)(ℓ+ t+ 5)
+ 60 a(ℓ+ 1)(ℓ+ 2t+ 2)(ℓ+ t)(ℓ+ t+ 3)
(
2(t− 1)(t+ 2) + 1 + (−1)t)
+ 60
(
a(t− 3)(t+ 4)− 4b− 8c)(1 + (−1)t)(ℓ+ 1)(ℓ+ 2t+ 2) ,
a00,tℓ = (t− 3)(t− 2)(t+ 3)(t+ 4)(ℓ+ 1)(ℓ+ 2t+ 2)
× (ℓ+ t− 2)(ℓ+ t− 1)(ℓ+ t+ 4)(ℓ+ t+ 5)
+ 12 a
(
(ℓ+ 1)(ℓ+ 2t+ 2)(ℓ+ t− 1)(ℓ+ t+ 4)(11(t− 2)(t+ 3)− 3 + 3(−1)t)
− (1− (−1)t)(ℓ+ 1)(ℓ+ 2t+ 2)(t− 3)(t+ 4)
+ 6(−1)t(t− 3)(t− 2)(t+ 3)(t+ 4))
+ 48 b
(
63(ℓ+ 1)(ℓ+ 2t+ 2)
+ (−1)t((ℓ+ t+ 1)(ℓ+ t+ 2)(t2 + t− 9)− 9(t− 1)(t+ 2) + 54))
+ 480 c
(
(1 + (−1)t)(ℓ+ 1)(ℓ+ 2t+ 2)− 2(−1)t((ℓ+ t+ 1)(ℓ+ t+ 2)− 9)) .(3.39)
Expanding fˆ from (3.36) gives
b3,ℓ = − 1
5
2ℓ−2
(ℓ+ 1)!2
(2ℓ+ 2)!
(ℓ+ 3)ℓ
(
(ℓ+ 2)(ℓ+ 1)
(
1
9(ℓ+ 4)(ℓ− 1) + a
)− 4(a− b)) ,
15
b2,ℓ = − 1
3
2ℓ−2
(ℓ+ 1)!2
(2ℓ+ 2)!
(ℓ+ 2)(ℓ+ 1)
(
(ℓ+ 3)ℓ
(
1
3
(ℓ+ 5)(ℓ− 2)− a)− 4(3a+ b+ 2c)) ,
b1,ℓ = − 1
5
2ℓ
(ℓ+ 1)!2
(2ℓ+ 2)!
(
1
4(ℓ+ 4)(ℓ+ 2)(ℓ+ 1)(ℓ− 1)
(
(ℓ+ 5)(ℓ− 2)− 11a)
+ 9b(ℓ+ 2)(ℓ+ 1) + 6(3a+ 2b+ 5c)
)
,
b0,ℓ = − 1
3
2ℓ
(ℓ+ 1)!2
(2ℓ+ 2)!
(
1
12(ℓ+ 5)(ℓ+ 4)(ℓ+ 3)ℓ(ℓ− 1)(ℓ− 2)
− 5
4
(ℓ+ 3)(ℓ+ 2)(ℓ+ 1)ℓ a
+ (ℓ+ 2)(ℓ+ 1)(9a+ 7b+ 2c)− 18(2a+ b+ c)
)
. (3.40)
The results (3.39) and (3.40) satisfy the six relations required by (2.17) when p = 4 and
furthermore we have a10,1ℓ = a11,0ℓ = a20,1ℓ = a20,2ℓ = a21,0ℓ = a21,2ℓ = a22,0ℓ = a22,1ℓ = 0
in accord with (2.18).
For the p = 4 case the conformal partial wave expansion may be rewritten in the form
an′m′ = δn′0δm′0 +
4∑
n=1
Cn an′m′
(Bnn)+ 2∑
n=0
Cn+2n an′m′
(Bn+2n)+ C40 an′m′(B40)
+
∑
0≤m≤n≤2
t,ℓ
Aˆnm,tℓ an′m′
(A2t+ℓnm,ℓ)
+ 1140
∑
ℓ=0,2,...
(
3A22,2 ℓ+2 an′m′
(C33,ℓ)− 12A11,1 ℓ+4 an′m′(C32,ℓ+1)
+ 18A00,0 ℓ+4 an′m′
(C31,ℓ)− 18b0,ℓ+5 an′m′(C30,ℓ+1)) , (3.41)
where we have
C42 = − 1490 A11,12 , C40 = − 11960 b0,3 , (3.42)
and for t = 3 we define
Aˆ20,3ℓ = A20,3ℓ +
1
160 b0,ℓ+3 , Aˆ21,3ℓ = A21,3ℓ − 1160 A00,0 ℓ+3 ,
Aˆ22,3ℓ = A22,3ℓ +
1
40 A11,1 ℓ+2 .
(3.43)
From (3.39) and (3.40) using (2.21) we get for the p = 4 case
Aˆ00,1ℓ = 2
ℓ+1 (ℓ+ 2)!
2
(2ℓ+ 4)!
a , (3.44)
and from (3.26)
Aˆ10,2ℓ = 2
ℓ (ℓ+ 3)!
2
3(2ℓ+ 6)!
(
(ℓ+ 1)(ℓ+ 6)b− 2a+ 4b− c) ,
Aˆ11,2ℓ = 2
ℓ (ℓ+ 3)!
2
3(2ℓ+ 6)!
(
(ℓ+ 3)(ℓ+ 4)b+ c
)
.
(3.45)
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For the remaining twist 4 contribution we have
A00,2ℓ = 2
ℓ (ℓ+ 3)!
2
3(2ℓ+ 6)!
(
(ℓ+ 1)(ℓ+ 6)b+ c
)
. (3.46)
Furthermore (3.43) gives for twist 6
Aˆ20,3ℓ = 2
ℓ−2 (ℓ+ 4)!
2
15(2ℓ+ 8)!
(
(ℓ+ 3)(ℓ+ 4)(ℓ+ 5)(ℓ+ 6)a
− 2(ℓ+ 4)(ℓ+ 5)(3a+ 3b+ c) + 6(4a+ 2b+ 3c)) ,
Aˆ21,3ℓ = 2
ℓ−3 (ℓ+ 4)!
2
5(2ℓ+ 8)!
(
(ℓ+ 2)(ℓ+ 4)(ℓ+ 5)(ℓ+ 7)a− 4(ℓ+ 4)(ℓ+ 5)b− 12c) ,
Aˆ22,3ℓ = 2
ℓ−3 (ℓ+ 4)!
2
15(2ℓ+ 8)!
(ℓ+ 4)(ℓ+ 5)
(
(ℓ+ 3)(ℓ+ 6)a+ 4c
)
, (3.47)
and we also have
A10,3ℓ = 2
ℓ−3 (ℓ+ 4)!
2
3(2ℓ+ 8)!
(ℓ+ 1)(ℓ+ 3)(ℓ+ 6)(ℓ+ 8)a ,
A11,3ℓ = 2
ℓ−2 (ℓ+ 4)!
2
15(2ℓ+ 8)!
(ℓ+ 4)(ℓ+ 5)
(
3(ℓ+ 1)(ℓ+ 8)a+ 2c
)
,
A00,3ℓ = 2
ℓ−3 (ℓ+ 4)!
2
5(2ℓ+ 8)!
(
(ℓ+ 1)(ℓ+ 2)(ℓ+ 7)(ℓ+ 8)a
+ 4(ℓ+ 1)(ℓ+ 8)(b+ 1
3
c) + 4c
)
.
(3.48)
Using (2.22) and (2.23) gives C = 1 again as required and for the coefficients for the
contributions of 12 -BPS operators
C1 =
1
3
a , C2 =
1
60
(2b+ c) , C3 =
1
350
(a+ c) , C4 =
1
22.32.5.72
(2 + 2a+ b) . (3.49)
From (2.24), (3.30) and (3.42) we obtain
C20 =
1
54(4b− 2a− c) , C31 = 92000(6a− 4b− c) ,
C42 =
1
3.5.73
(24− 15a− 2b− 4c) , C40 = 13.52.73 (84− 153a+ 61b+ 11c) .
(3.50)
To summarise some of the above results we first note from (3.12), (3.24) and (3.49)
that in each case C1 =
1
3a. The corresponding short multiplet B11 is special in that it
contains the energy momentum tensor as well as the SU(4) current. The contributions
of these operators in the operator product expansion are constrained by Ward identities
[23]. For the energy momentum tensor the coefficient of its contribution in the operator
product expansion in four dimensions to the four point function, by applying (1.9) and
(1.11) in this case, is 16p2/9CT , where CT /S4
2 is the coefficient of the energy momentum
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tensor two point function. In the expansion of a00(B11) the contribution corresponding
the energy momentum tensor is 215uG
(2)
4 (u, v) so that this requires C1 = 40p
2/3CT , where
with our normalisations CT = 40(N
2 − 1) (where 40 = 6 × 43 + 4 × 4 + 16 reflecting the
decomposition into the contributions of the scalars, fermions and vector in the elementary
N = 4 multiplet). Assuming that for arbitrary p only Sp(1,0) in G0 gives a non zero C1,
as we have found for p = 2, 3, 4 and as may be expected since this is the only contribution
involving two particle reducible graphs, then its coefficient must in general be
a =
p2
N2 − 1 . (3.51)
This result was found exactly [17] for p = 4 even allowing for an admixture of double
trace operators in the 12 -BPS operators whose correlation function is being considered. In
addition we note that the expansion coefficients for long multiplets with twist < 2p are
suppressed in the large N limit so that there are only 1/N2 contributions. The results
for Aˆ00,1ℓ given by (3.13), (3.25) and (3.44) are identical in form. This also applies to
Aˆ10,2ℓ, Aˆ11,2ℓ, as shown by (3.27) and (3.45), and A00,2ℓ, as given by (3.28) and (3.46), so
long as we use the large N relations b = 2a from (3.16) for p = 3 and b = a, c = 2a from
(3.33) for p = 4. This result, which plays a crucial role in our subsequent discussions using
perturbation theory and also results from large N obtained via AdS/CFT, is dependent on
there being only contributions for semi-short multiplets Cnm in the superconformal partial
wave expansions, as in (3.14), (3.29) or (3.41), for n = p − 1, with others decoupled for
large N . In the large N limit we may also note that the coefficients for 12 -BPS multiplets
Bnn are suppressed except when n = p and the 14 -BPS multiplets Bn+2 n, from (3.31) and
(3.50), are absent for n = 0, . . . p− 3.
4. Large N , Strong Coupling Results
The dynamical contributions to the 12 -BPS four-point functions is contained solely in
the function H which is constrained by crossing symmetry
H(u, v; σ, τ) = 1
v2
H(u/v, 1/v; τ, σ) =
(u
v
)p
τp−2H(v, u; σ/τ, 1/τ) . (4.1)
The results obtained via the AdS/CFT correspondence, for the large N limit, are express-
ible in terms of conformal four-point integrals which may be reduced to the two variable
functions D∆1∆2∆3∆4(u, v) for arbitrary ∆i. The properties of these functions have been
explored in detail [24,23] and they satisfy various symmetry and other relations, some of
which are listed in appendix C.
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For p = 2 we have
H(u, v; σ, τ) = − 4
N2
u2D2422(u, v) , (4.2)
and for p = 3 we have [19]
H(u, v; σ, τ) = − 9
N2
u3
(
(1 + σ + τ)D3533 +D3522 + σD2523 + τ D2532
)
, (4.3)
while for p = 4 we have [20]
H(u, v; σ, τ) = − 4
N2
u4
(
(1 + σ2 + τ2 + 4σ + 4τ + 4 στ)D4644
+ 2(D4633 +D4622) + 2σ
2(D3634 +D2624) + 2τ
2(D3643 +D2642)
− 4 σ(D4624 − 2D3623)− 4 τ(D4642 − 2D3632)
− 4 στ(D2644 − 2D2633)
)
. (4.4)
In each case the results have been rewritten to ensure that theD functions are multiplied by
the maximum overall power of u. The crossing relations (4.1) also follow straightforwardly
using symmetry relations for D functions listed in appendix C.
Defining
s = 12 (∆1 +∆2 −∆3 −∆4) , (4.5)
then for s = 0, 1, 2, . . . D∆1∆2∆3∆4(u, v) can be written in the form lnuf(u, v) + g(u, v)
where f(u, v), g(u, v) have power series expansions in powers of u and 1−v, although for g
it is necessary to allow negative powers u−s+m, m = 0, 1, 2 . . .. The case for s = −1,−2, . . .
may also be accommodated by virtue of
D∆1∆2∆3∆4(u, v) = u
−sD∆4∆3∆2∆1(u, v) . (4.6)
The lnu terms of course lead to contributions to anomalous dimensions of order 1/N2.
From (4.2), (4.3) and (4.4) the operators which gain anomalous dimensions must have a
twist of at least 2p.
However the potentially singular contributions present in g(u, v) involving negative
powers of u play a significant role. For s a positive integer the D function can be decom-
posed in the form
D∆1∆2∆3∆4(u, v) = D∆1∆2∆3∆4(u, v)reg. +D∆1∆2∆3∆4(u, v)sing. , (4.7)
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where the first regular part has and expansion involving um and um lnu for m = 0, 1, . . .
and
D∆1∆2∆3∆4(u, v)sing. = u
−s Γ(∆1 − s)Γ(∆2 − s)Γ(∆3)Γ(∆4)
Γ(∆3 +∆4)
×
s−1∑
m=0
(−1)m(s−m− 1)! (∆1 − s)m(∆2 − s)m(∆3)m(∆4)m
m! (∆3 +∆4)2m
× umF (∆2 − s+m,∆3 +m; ∆3 +∆4 + 2m; 1− v) .
(4.8)
In (4.2) the D function has s = 1 while in (4.3) we have s = 1, 2 and in (4.4) s = 0, 1, 2, 3.
In general with the SU(4) decomposition given by (2.8) we may write
Anm(u, v) = Bnm(u, v) + O(u
p lnu, up) , (4.9)
where Bnm is calculated by using (4.8). Since there are no lnu terms in Bmn(u, v) there
are no anomalous dimensions obtained in the conformal wave expansion which involve
operators with twist 2 ≤ ∆−ℓ < 2p. It is the purpose here to show that these contributions
cancel exactly the corresponding long supermultiplet contributions obtained by the free-
field calculations for large N in section 3. This indicates that the corresponding long
supermultiplets A∆nm,ℓ, 0 < ∆− ℓ < 2p, decouple from the spectrum in the large N limit.
As mentioned earlier, this depends on requiring that the contributions from semi-short
multiplets Cnm,ℓ in the partial wave expansion are solely those for n = p− 1, with others
disappearing for large N .
For p = 2 it is easy to see that
B00(u, v) = − 4
3N2
uF (3, 2; 4; 1− v) . (4.10)
For p = 3 from (4.3) we get, with the aid of various D identities,
A11(u, v) = − 3
2N2
u3
(
2D3533(u, v)−D1533(u, v) + 1
uv2
)
,
A10(u, v) = − 3
2N2
u3
(
D2523(u, v)−D2532(u, v)
)
,
A00(u, v) = − 3
2N2
u3
(
8D3533(u, v) + 6D3522(u, v)−D1533(u, v) + 1
uv2
)
,
(4.11)
which leads to
B11(u, v) = − 3
5N2
u2
(
F (4, 3; 6; 1− v) + 5
2 v2
)
,
B10(u, v) =
3
5N2
u2 (1− v)F (5, 3; 6; 1− v) ,
B00(u, v) = − 3
5N2
u
(
5F (3, 2; 4; 1− v) + uF (4, 3; 6; 1− v) + 5 u
2 v2
)
,
(4.12)
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using (4.8) and for B10 a result from appendix C. It is also useful to note that v
−2 =
F (4, 2; 4; 1− v). In a similar fashion for p = 4 we may obtain
A22 = − 2
5N2
u4
(
D4644 +D2633 −D2644 − 13
(
D1634 +D1643
)
+
2
3
1
uv3
(1 + v)
)
,
A20 = − 4
5N2
u4
(
−D2633 − 13
(
D1634 +D1643
)
+
2
3
1
uv3
(1 + v)
)
,
A11 = − 4
5N2
u4
(
8D4644 +
20
3 D4633 − 13D2633 − 143 D2644 −
(
D1634 +D1643
)
+ 2
1
uv3
(1 + v) +
10
3
1
u2v2
)
,
A00 = − 4
N2
u4
(
5
2D4644 +
10
3 D4633 + 2D4622 +
1
30D2633 − 56D2644 − 110
(
D1634 +D1643
)
+
1
5
1
uv3
(1 + v) +
2
3
1
u2v2
)
, (4.13)
and also
A21 = − 2
5N2
u4
(
D3634 −D3643 −D1634 +D1643 − 2 1
uv3
(1− v)
)
,
A10 = − 2
3N2
u4
(
4
(
D3623 −D3632
)
+ 5
(
D3634 −D3643
)
−D1634 +D1643 − 2 1
uv3
(1− v)
)
.
(4.14)
In (4.13) D1634+D1643 may be further simplified using a result in appendix C. Using (4.8)
and an extension from appendix C this leads to
B22(u, v) = − 4
5N2
u3
(
2
5
F (5, 3; 6; 1− v) + 6
35
F (5, 4; 8; 1− v) + 1
3
(1 + v)
1
v3
)
,
B21(u, v) =
4
5N2
u3 (1− v)
(
1
7
F (6, 4; 8; 1− v) + 1
v3
)
,
B20(u, v) = − 8
5N2
u3
(
−2
5
F (5, 3; 6; 1− v) + 1
3
(1 + v)
1
v3
)
,
B11(u, v) = − 8
5N2
u2
(
2
3
F (4, 3; 6; 1− v) + 5
3
1
v2
− 2
15
uF (5, 3; 6; 1− v)
+ 8
35
uF (5, 4; 8; 1− v) + (1 + v) u
v3
)
,
B10(u, v) =
4
5N2
u2 (1− v)
(
4
3F (5, 3; 6; 1− v) + 521 uF (6, 4; 8; 1− v) + 53
u
v3
)
,
B00(u, v) = − 8
5N2
u
(
10
3 F (3, 2; 4; 1− v) + 23 uF (4, 3; 6; 1− v) + 53
u
v2
+ 1
15
u2 F (5, 3; 6; 1− v) + 1
7
u2 F (5, 4; 8; 1− v) + 1
2
(1 + v)
u2
v3
)
,
(4.15)
where also v−3 = F (6, 3; 6; 1− v).
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The conformal partial wave expansion
Bnm(u, v) =
∑
t,ℓ
Bnm,tℓ u
tG
(ℓ)
ℓ+2t+4(u, v) , (4.16)
would involve contributions for operators which have no anomalous dimensions. To analyse
these we need to compute Bnm,tℓ, 1 ≤ t ≤ p− 1 for p = 2, 3, 4. Since
G
(ℓ)
ℓ+2t(0, v) = gt,ℓ(1− v) , (4.17)
where gt,ℓ is defined in (2.11), then for the lowest twist contributions for each Bnm it is
sufficient to use, since starting from Dn1n2nn only hypergeometric functions of this form
appear in (4.10), (4.12) and (4.15),
F (a, b; 2b; x) =
∑
ℓ=0,2,...
rab,ℓ ga,ℓ(x) , (4.18)
where, as demonstrated in appendix D,
rab,ℓ =
1
2ℓ ( 12ℓ)!
(a)ℓ(a− b) 1
2
ℓ
(a+ 12ℓ− 12 ) 12 ℓ(b+
1
2 ) 12 ℓ
. (4.19)
More generally for application to the required expansion of Bnm this is extended in ap-
pendix D to an expansion in conformal partial waves with increasing twist
ua−2F (a, b; 2b; 1− v) =
∑
ℓ=0,2,...
j=0,1,...
cab;j,ℓ u
a−2+jG
(ℓ)
ℓ+2a+2j(u, v) , (4.20)
where the first few cases of cab;j,ℓ are
cab;0,ℓ = rab,ℓ ,
cab;1,ℓ =
ab(a− 2b)
2(4b2 − 1) ra+1 b+1,ℓ −
1
4
ra−1 b−1,ℓ+2 ,
cab;2,ℓ = a(a+ 1)(b+ 1)
(a− 2b− 1)(a− 2b)
16(2b+ 1)2(2b+ 3)
ra+2 b+2,ℓ − a a(a− 3b− 1) + b
16(2a− 1)(2b+ 1) rab,ℓ+2 .
(4.21)
For p = 2 we may then find for the partial wave expansion coefficients
B00,1ℓ = − 4
3N2
c3 2;0,ℓ = − 1
N2
2ℓ+3
(ℓ+ 2)!2
(2ℓ+ 4)!
, (4.22)
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which clearly cancels Aˆ00,1ℓ in (3.13) for a as in (3.6). For p = 3 we find that, using for
B10 a recurrence relation for (1− v)G(ℓ)∆ (u, v),
B11,2ℓ = − 3
5N2
(
c4 2;0,ℓ +
5
2
c4 2;0,ℓ
)
= − 3
N2
2ℓ
(ℓ+ 3)!
(2ℓ+ 6)!
(ℓ2 + 7ℓ+ 14) ,
B10,2ℓ = − 6
5N2
c5 3;0,ℓ−1 = − 3
N2
2ℓ
(ℓ+ 3)!2
(2ℓ+ 6)!
(ℓ+ 1)(ℓ+ 6) ,
B00,2ℓ = − 3
N2
(
c3 2;1,ℓ +
1
5c4 3;0,ℓ +
1
2c4 2;0,ℓ
)
= − 3
N2
2ℓ
(ℓ+ 3)!2
(2ℓ+ 6)!
(ℓ2 + 7ℓ+ 8) ,
B00,1ℓ = − 3
N2
c3 2;0,ℓ = − 9
N2
2ℓ+1
(ℓ+ 2)!2
(2ℓ+ 4)!
, (4.23)
which cancel the corresponding free-field cases in (3.25), (3.26), (3.27) and (3.28) with a, b
as in (3.16). For p = 4 in a similar fashion we find that
B22,3ℓ = − 1
N2
2ℓ+1
(ℓ+ 4)!2
15(2ℓ+ 8)!
(ℓ+ 4)(ℓ+ 5)(ℓ2 + 9ℓ+ 26) ,
B21,3ℓ = − 1
N2
2ℓ+1
(ℓ+ 4)!2
5(2ℓ+ 8)!
(ℓ+ 1)(ℓ+ 8)(ℓ2 + 9ℓ+ 22) ,
B20,3ℓ = − 1
N2
2ℓ+2
(ℓ+ 4)!2
15(2ℓ+ 8)!
(ℓ+ 1)(ℓ+ 2)(ℓ+ 7)(ℓ+ 8) ,
B11,3ℓ = − 1
N2
2ℓ+2
(ℓ+ 4)!2
15(2ℓ+ 8)!
(ℓ+ 4)(ℓ+ 5)(3ℓ2 + 27ℓ+ 28) ,
B10,3ℓ = − 1
N2
2ℓ+1
(ℓ+ 4)!2
3(2ℓ+ 8)!
(ℓ+ 1)(ℓ+ 3)(ℓ+ 6)(ℓ+ 8) ,
B00,3ℓ = − 1
N2
2ℓ+1
(ℓ+ 4)!2
15(2ℓ+ 8)!
(3ℓ2 + 27ℓ+ 26) ,
B11,2ℓ = − 1
N2
2ℓ+4
(ℓ+ 3)!2
3(2ℓ+ 6)!
(ℓ2 + 7ℓ+ 14) ,
B10,2ℓ = − 1
N2
2ℓ+4
(ℓ+ 3)!2
3(2ℓ+ 6)!
(ℓ+ 1)(ℓ+ 6) ,
B00,2ℓ = − 1
N2
2ℓ+4
(ℓ+ 3)!2
3(2ℓ+ 6)!
(ℓ2 + 7ℓ+ 8) ,
B00,1ℓ = − 1
N2
2ℓ+5
(ℓ+ 2)!2
(2ℓ+ 4)!
,
(4.24)
which cancel exactly the corresponding free-field cases in (3.44), (3.45), (3.46), (3.47) and
(3.48) for a, b, c as in (3.33).
These cancellations are very non trivial and provide a strong consistency check on the
results (4.2), (4.3) and (4.4). The coefficients of lnu in the large N results for Anm(u, v)
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may also be expanded to give results for large N anomalous dimensions, for p = 2 and
p = 3 these were quoted in [25] and [19] respectively, for p = 4 see [26].
5. Perturbation Theory Results
In order to express the results from perturbation theory it is convenient to write
solutions of the crossing symmetry relations (4.1) in terms of invariant functions of u, v.
For p = 2
H(u, v; σ, τ) = u
v
F(u, v) , (5.1)
while for p = 3
H(u, v; σ, τ) = u
v
F(u, v) + u
2
v2
(
σF(1/v, u/v) + τ F(v, u)
)
, (5.2)
and for p = 4 there are two functions F , F˜ .
H(u, v; σ, τ) = u
v
F(u, v) + u
2
v
(
σ F˜(v, u) + τ 1
v2
F˜(1/v, u/v)
)
+
u3
v2
(
σ2F(1/v, u/v) + τ2 1
v
F(v, u) + στ F˜(u, v)
)
.
(5.3)
In each case we must have to satisfy (4.1)
F(u, v) = 1
v
F(u/v, 1/v) , F˜(u, v) = 1
v
F˜(u/v, 1/v) , (5.4)
while for p = 2 we have in addition
F(u, v) = F(v, u) . (5.5)
To first order in perturbation theory there is a simple general formula, for λ =
g2YMN/4π
2,
F1(u, v) = F˜1(u, v) = − p
2λ
2N2
Φ(1)(u, v) . (5.6)
If we define
I(u, v) = 1
4
(1 + v)Φ(1)(u, v)2 + Φ(2)(u, v) +
1
v
Φ(2)(u/v, 1/v) ,
J (u, v) = 1
4
uΦ(1)(u, v)2 +
1
u
Φ(2)(1/u, v/u) ,
(5.7)
then the results obtained in [15] and, for p = 3, 4, in [17] to O(λ2) are
F2(u, v) = p
2λ2
4N2
I(u, v) , p = 3, 4 , F˜2(u, v) = p
2λ2
4N2
J (u, v) , p = 4 , (5.8)
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and for p = 2
F2(u, v) = λ
2
N2
(I(u, v) + J (u, v)) , (5.9)
which is necessary to satisfy (5.5).
In (5.6) and (5.7) Φ(L) are conformal loop integrals, Φ(1)(u, v) = D1111(u, v). If
u =
x′x¯′
(1− x′)(1− x¯′) = xx¯ , v =
1
(1− x′)(1− x¯′) = (1− x)(1− x¯) , (5.10)
with x′ related to x as in (3.9), then defining
Φˆ(L)(x′, x¯′) = Φˆ(L)(x¯′, x′) = Φ(L)(u, v) , (5.11)
allows an expression in terms of single variable polylogarithms [27]. The form given by
Isaev [28] is particularly simple and for L = 1, 2
vΦˆ(1)(x′, x¯′) = − lnx′x¯′ φ1(x′, x¯′) + 2φ2(x′, x¯′) ,
vΦˆ(2)(x′, x¯′) = 12 ln
2x′x¯′ φ2(x
′, x¯′)− 3 lnx′x¯′ φ3(x′, x¯′) + 6φ4(x′, x¯′) ,
(5.12)
where φn is defined by
φn(x, x¯) =
Lin(x)− Lin(x¯)
x− x¯ , Lin(x) =
∞∑
r=1
xr
rn
, Li1(x) = − ln(1− x) . (5.13)
The Φ(L) satisfy
Φ(L)(u, v) = Φ(L)(v, u) ⇐⇒ Φˆ(L)(x′, x¯′) = Φˆ(L)(1/x′, 1/x¯′) , (5.14)
where the latter result follows from standard polylogarithm identities for x′, x¯′ < 0. In
addition we have Φ(1)(u, v) = Φ(1)(u/v, 1/v)/v = − lnxx¯ φ1(x, x¯) + 2φ2(x, x¯).
For the perturbative analysis of the operator product expansion we consider initially
supermultiplets whose superconformal primaries are singlets with twist 2 in free theory. In
this case it is sufficient to consider only the leading terms as u → 0. For p = 2, 3, 4 from
from (5.1), (5.2), (5.3)
A00(u, v)pert. =
u
v
F(u, v) + O(u2) = A00,1(u, v) + O(u2) , (5.15)
and since, as shown in appendix C there are no terms in Φ(2)(1/u, v/u)/u proportional to
lnu for small u so that J in (5.9) may be neglected, we may take
A00,1(u, v) =
p2
N2
u
v
(− 12λΦ(1)(u, v) + 14λ2 I(u, v) + O(λ3)) . (5.16)
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Using (5.10) this may be further simplified giving
A00,1(u, v) ∼ p
2
N2
u
∑
r=1,2,...
λr
r∑
s=0
lnsxx¯ frs(x) as x¯→ 0 , (5.17)
where, with the above results (5.12), we obtain
f11(x) = − 1
2
1
x(1− x) ln(1− x) , f10(x) = −
1
x(1− x) Li2(x) ,
f22(x) =
1
8
1
x(1− x)
(
1
x
ln2(1− x) + 2Li2(x)
)
,
f21(x) =
1
8
1
x(1− x)
(
− ln3(1− x) + 4
x
(1− x) ln(1− x) Li2(x)− 6
(
Li3(x)− Li3(x′)
))
.
(5.18)
Assuming only one operator for each ℓ is present with zeroth order twist 2 we must have
for x¯→ 0 from (2.8) and (4.17)
Aˆ00(u, v) + A00(u, v)pert. ∼ p
2
N2
u
∑
ℓ=0,2,...
aℓ (xx¯)
1
2
ηℓg3+ 1
2
ηℓ,ℓ
(x) , (5.19)
where ηℓ is the anomalous dimension for each ℓ and Aˆ00(u, v) is obtained from free field the-
ory with all contributions of protected short and semi-short multiplets subtracted. Writing
ηℓ = λ ηℓ,1 + λ
2ηℓ,2 + . . . , aℓ = aℓ,0
(
1 + λ bℓ,1 + . . .
)
, (5.20)
then using (3.13), (3.25) and (3.44) for p = 2, 3 and 4 and the appropriate large N value
of a we have
aℓ,0 = 2
ℓ (ℓ+ 1)!(ℓ+ 2)!
(2ℓ+ 3)!
. (5.21)
The determination of anomalous dimensions simplifies to matching single variable
expansions in (5.17) and (5.19). Using results from appendix E we first have
f11(x) =
∑
ℓ=0,2,...
aℓ,0 h(ℓ+ 2) g3,ℓ(x) , (5.22)
where
h(n) =
n∑
r=1
1
r
. (5.23)
Hence we easily find that
ηℓ,1 = 2h(ℓ+ 2) , (5.24)
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in accordance with earlier results [25]. Furthermore we have
f22(x) =
1
2
∑
ℓ=0,2,...
aℓ,0 h(ℓ+ 2)
2 g3,ℓ(x) , (5.25)
which demonstrates that only a single operator for each ℓ with twist two at λ = 0 is
present. We may also write
f10(x) =
∑
ℓ=0,2,...
aℓ,0
(
bℓ,1 g3,ℓ(x) + h(ℓ+ 2) g
′
3,ℓ(x)
)
, g′t,ℓ(x) =
∂
∂t
gt,ℓ(x) . (5.26)
As shown in appendix E this gives
bℓ,1 = 2h(ℓ+ 2)
2 − 2h(ℓ+ 2)h(2ℓ+ 4)−
ℓ+2∑
r=1
1
r2
. (5.27)
Similarly we have
f21(x) =
∑
ℓ=0,2,...
aℓ,0
((
1
2
ηℓ,2 + bℓ,1h(ℓ+ 2)
)
g3,ℓ(x) + h(ℓ+ 2)
2g′3,ℓ(x)
)
, (5.28)
which gives according to the results of appendix E
ηℓ,2 = − 2
ℓ+2∑
r=1
1
r
r∑
s=1
(−1)s
s2
− 2h(ℓ+ 2)
ℓ+2∑
r=1
1
r2
−
ℓ+2∑
r=1
1
r3
(
1− (−1)r)
= 2
ℓ+2∑
r=1
(−1)r
r2
h(r)− 2h(ℓ+ 2)
ℓ+2∑
r=1
1
r2
(
1 + (−1)r)− ℓ+2∑
r=1
1
r3
(
1 + (−1)r) ,
(5.29)
where we give two equivalent expressions. We may note that b0,1 = −3, b2,1 = −1025252 and
η0,2 = −3, η2,2 = −925216 which coincide with the revised results of Arutyunov et al [9]. For
ℓ = 0 the operator is the Konishi scalar whose second order anomalous dimension was
found in [16]. The results for general ℓ are the same as those obtained by very different
perturbative calculations [29,30]. The corrections to the coupling bℓ,1 are universal in that
they are independent of the specific BPS operator, or value of p, in accord with results in
[31].
At higher twist there are several operators for each ℓ which leads to mixing effects
[32,33]. In general we write the scale dimension of the superconformal primary operator
belonging to the representation with Dynkin labels [n−m, 2m,n−m] in a long multiplet
in the form
∆Inm,tℓ = 2t+ ℓ+ η
I
nm,tℓ , t = n+ 1, n+ 2, . . . , (5.30)
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where 2t is the twist and ηInm,tℓ is the anomalous dimension which is perturbatively given
as an expansion in λ, as in (5.20) where ηℓ ≡ η00,1ℓ with the index I redundant. In general
we have
Anm(u, v) =
p2
N2
∑
t,ℓ
ut
∑
I
aInm,tℓ u
1
2
ηInm,tℓ G
(ℓ)
2t+ℓ+4+ηI
nm,tℓ
(u, v) , (5.31)
where for t = n+ 1, n+ 2, . . .
aInm,tℓ
∣∣
ηI
nm,tℓ
6=0,λ→0
= aInm,tℓ,0
p2
N2
∑
I
aInm,tℓ,0 = Aˆnm,tℓ , (5.32)
defines the zeroth order contribution of long supermultiplets in the conformal partial wave
expansion. Perturbation theory generates an expansion which is expressible in the form
Anm(u, v)pert. =
p2
N2
un+1
x
x− x¯
∑
r=1,2,...
λr
r∑
s=0
lnsxx¯
∞∑
k=0
fnm,rs;k(x) x¯
k . (5.33)
Comparing (5.33) with (5.31) the lnxx¯ terms determine the anomalous scale dimensions
ηInm,tℓ as a series in λ. For a given k in the expansion in (5.33) we must have t ≥ n+1+ k
in (5.31). In appendix A it is shown how to define f
(j)
nm,rs =
∑j
k=0 βj,kfnm,rs;k, βj,j = 1, so
that f
(j)
nm,rs(x) determines the perturbative expansion aInm,tℓ, η
I
nm,tℓ for just t = n+1+ j.
Here we consider for simplicity just the first order contributions to the anomalous
dimensions which are constrained by
f
(j)
nm,11(x) =
1
2x
j
∞∑
ℓ=−j−1
∑
I
aInm,n+j+1 ℓ,0 η
I
nm,n+j+1 ℓ,1 gn+j+3,ℓ(x) ,
f
(j)
nm,22(x) =
1
8
xj
∞∑
ℓ=−j−1
∑
I
aInm,n+j+1 ℓ,0
(
ηInm,n+j+1 ℓ,1
)2
gn+j+3,ℓ(x) .
(5.34)
In (5.34) we note that we may take aInm,n+j+1 ℓ = 0 for ℓ = −1 and contributions where
ℓ < −1, necessary for j = 1, 2, . . ., are in general necessary but can be disregarded for the
results obtained here. By using free field results for
∑
I a
I
nm,n+j+1 ℓ,0 we are able to obtain
from the expansions (5.34) results for 〈ηnm,tℓ,1〉, 〈η 2nm,tℓ,1〉 where t = n+ j + 1. In general
for unitarity 〈η 2nm,tℓ,1〉 ≥ 〈ηnm,tℓ,1〉2 with equality if just one operator is present.
We here apply this discussion to twist 4 operators for p = 3, 4 which, as shown in
section 4, are also decoupled in the large N limit. At least for these p we find from (5.2)
and (5.3) using (5.6) and (5.9), with (5.8), we have a universal form to lowest order in an
expansion in u,
A1m(u, v)pert. = A1m,2(u, v) + O(u
3) , m = 0, 1 ,
A00(u, v)pert. = A00,1(u, v) + A00,2(u, v) + O(u
3) ,
(5.35)
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where
A00,2(u, v) = A11,2(u, v) =
p2
6N2
u2
v2
(− 12λ(1 + v) Φ(1)(u, v) + 14λ2K2,+(u, v) + O(λ3)) ,
A10,2(u, v) =
p2
6N2
u2
v2
(
1
2
λ(1− v) Φ(1)(u, v)− 1
4
λ2K2,−(u, v) + O(λ3)
)
, (5.36)
for
Kn,±(u, v) = 14(1± vn)Φ(1)(u, v)2 + Φ(2)(u, v)± vn−2Φ(2)(u/v, 1/v) . (5.37)
For n = 1, m = 0, 1 we may restrict the expansion in (5.33) to just k = 0. Using the results
(3.27) with (3.16) or (3.45) with (3.33) for large N we have at zeroth order in λ,
∑
I
aI10,2ℓ,0 = 2
ℓ−1 (ℓ+ 2)!(ℓ+ 3)!
3(2ℓ+ 5)!
(ℓ+ 1)(ℓ+ 6) ,
∑
I
aI11,2ℓ,0 = 2
ℓ−1 (ℓ+ 2)!(ℓ+ 3)!
3(2ℓ+ 5)!
(
(ℓ+ 3)(ℓ+ 4) + 2
)
.
(5.38)
The leading terms in the expansion in (5.33) are then given by
f10,11;0(x) =
1
12
1
(1− x)2 ln(1− x) , f11,11;0(x) = −
1
12
2− x
x(1− x)2 ln(1− x) ,
f10,22;0(x) = − 1
48
1
x2(1− x)2
(
x2Li2(x) +
1
2
x(3− x) ln2(1− x)) ,
f11,22;0(x) =
1
48
1
x2(1− x)2
(
x(2− x) Li2(x) + 12 (2− x+ x2) ln2(1− x)
)
.
(5.39)
Using the expansions of (5.39) obtained in appendix E in (5.34) we have
〈
η11,2ℓ,1
〉
= 2
(ℓ+ 3)(ℓ+ 4)
(
h(ℓ+ 3)− 1)
(ℓ+ 3)(ℓ+ 4) + 2
,
〈
η10,2ℓ,1
〉
= 2
(ℓ+ 2)(ℓ+ 5)
(
h(ℓ+ 3)− 1)− 2
(ℓ+ 1)(ℓ+ 6)
,
(5.40)
and (
(ℓ+ 3)(ℓ+ 4) + 2
)〈
η 211,2ℓ,1
〉
= 4(ℓ+ 3)(ℓ+ 4)
(
h(ℓ+ 3)− 1)2 − 2(h(ℓ+ 3)− 1)(h(ℓ+ 3) + 2)
+ 2
(
(ℓ+ 3)(ℓ+ 4)− 1) ℓ+3∑
r=2
(−1)r
r2
,
(ℓ+ 1)(ℓ+ 6)
〈
η 210,2ℓ,1
〉
= 4(ℓ+ 3)(ℓ+ 4)
(
h(ℓ+ 3)− 1)2 − 2(h(ℓ+ 3)− 1)(h(ℓ+ 3) + 2)
+ 2
(
(ℓ+ 3)(ℓ+ 4) + 1
) ℓ+3∑
r=2
(−1)r
r2
− 6 .
(5.41)
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It is evident that in general 〈η 21m,2ℓ,1〉 6= 〈η1m,2ℓ,1〉2 so that more than one operator must
contribute, unlike the twist two case. For both cases in (5.41) 〈η2〉 ≥ 〈η〉2, for large ℓ
〈η2〉 − 〈η〉2 tends to 2− π2/6. It is easy to check that when ℓ = 0, 1
〈
η11,20,1
〉
= 107 ,
〈
η10,21,1
〉
= 52 ,
〈
η 211,20,1
〉
= 157 ,
〈
η 210,21,1
〉
= 254 . (5.42)
The results for 〈η11,20,1〉, 〈η 211,20,1〉 are in accord with [17]. Since 〈η 210,21,1〉 = 〈η10,21,1〉2 we
expect that only one operator in this case contributes in the large N limit2.
For twist 4 singlet operators we use formulae from appendix A to determine
f
(1)
00,11(x) = xf11,11;0(x)−
1
2
1
x(1− x) ,
f
(1)
00,22(x) = xf11,22;0(x)
+
1
16
1
x3(1− x)
(
(2− 2x+ x2) ln2(1− x) + 2x(2− x) ln(1− x)− 4x2) ,
(5.43)
and from (3.28) or (3.46)
∑
I
aI00,2ℓ,0 = 2
ℓ−1 (ℓ+ 2)!(ℓ+ 3)!
3(2ℓ+ 5)!
(
(ℓ+ 1)(ℓ+ 6) + 2
)
. (5.44)
Using expansions from appendix E we obtain
〈
η00,2ℓ,1
〉
= 2
(ℓ+ 3)(ℓ+ 4)
(
h(ℓ+ 3)− 1)− 3
(ℓ+ 1)(ℓ+ 6) + 2
, (5.45)
and
(
(ℓ+ 1)(ℓ+ 6) + 2
)〈
η 200,2ℓ,1
〉
= 4(ℓ+ 3)(ℓ+ 4)
(
h(ℓ+ 3)− 1)2 + 2(h(ℓ+ 3)− 1)(5h(ℓ+ 3)− 2)
+ 2
(
(ℓ+ 3)(ℓ+ 4) + 5
) ℓ+3∑
r=2
(−1)r
r2
− 24 + 12
(ℓ+ 3)(ℓ+ 4)
.
(5.46)
For ℓ = 0 we have 〈
η00,20,1
〉
= 7
4
,
〈
η 200,20,1
〉
= 27
8
, (5.47)
in agreement with [17].
2 There is apparently one single trace superconformal primary operator with ℓ = 1 and
∆ = 5 [34].
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For completeness we also consider twist 6 operators where we may use the perturbative
results for p = 4 correlation functions to obtain results for anomalous dimensions which
are not suppressed for large N . In this case we may extend (5.35) to
A2m(u, v)pert. = A2m,3(u, v) + O(u
4) , m = 0, 1, 2 ,
A1m(u, v)pert. = A1m,2(u, v) + A1m,3(u, v) + O(u
4) , m = 0, 1 ,
A00(u, v)pert. = A00,1(u, v) + A00,2(u, v) + A00,3(u, v) + O(u
4) ,
(5.48)
where we use (5.16) and (5.36) and from (5.3), (5.8) for p = 4,
A22,3(u, v) =
4
15N2
u3
v3
(− 12λ(1 + v + v2)Φ(1)(u, v) + 14λ2K3,+(u, v) + O(λ3)) ,
A21,3(u, v) =
3
5A10,3(u, v) =
4
5N2
u3
v3
(
1
2λ(1− v2)Φ(1)(u, v)− 14λ2K3,−(u, v) + O(λ3)
)
,
A20,3(u, v) =
8
15N2
u3
v3
(− 1
2
λ(1− 1
2
v + v2)Φ(1)(u, v) + 1
4
λ2K3,+(u, v) + O(λ3)
)
,
A11,3(u, v) =
8
5N2
u3
v3
(− 12λ(1 + 16v + v2)Φ(1)(u, v) + 14λ2K3,+(u, v) + O(λ3)) ,
A00,3(u, v) =
4
5N2
u3
v3
(− 12λ(1 + 13v + v2)Φ(1)(u, v) + 14λ2K3,+(u, v) + O(λ3)) . (5.49)
To first order in λ we easily find from (5.49),
f22,11;0(x) = − 1
120
1
x(1− x)3 (3− 3x+ x
2) ln(1− x) ,
f20,11;0(x) = − 1
120
1
x(1− x)3 (3− 3x+ 2x
2) ln(1− x) ,
f21,11;0(x) =
1
40
2− x
(1− x)3 ln(1− x) ,
(5.50)
and taking into account the other terms in (5.48) we have
f
(1)
10,11(x) =
1
24
2− x
x(1− x)3 (1− x+ x
2) ln(1− x) + 1
12
1
(1− x)2 ,
f
(1)
11,11(x) = −
1
20
1
(1− x)3 (3− 3x+ x
2) ln(1− x)− 1
12
2− x
x(1− x)2 ,
f
(2)
00,11(x) = −
1
40
1
x(1− x)3
(
(1− x)4 + 1) ln(1− x)− 1
12
2− x
(1− x)2 .
(5.51)
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At zeroth order from (3.47), (3.48) and (3.33)
∑
I
aI22,3ℓ,0 = 2
ℓ−4 (ℓ+ 4)!(ℓ+ 5)!
15(2ℓ+ 7)!
(
(ℓ+ 1)(ℓ+ 8) + 18
)
,
∑
I
aI21,3ℓ,0 = 2
ℓ−4 (ℓ+ 3)!(ℓ+ 4)!
5(2ℓ+ 7)!
(ℓ+ 1)(ℓ+ 8)
(
(ℓ+ 2)(ℓ+ 7) + 8
)
,
∑
I
aI20,3ℓ,0 = 2
ℓ−3 (ℓ+ 3)!(ℓ+ 4)!
15(2ℓ+ 7)!
(ℓ+ 1)(ℓ+ 2)(ℓ+ 7)(ℓ+ 8) ,
∑
I
aI10,3ℓ,0 = 2
ℓ−4 (ℓ+ 3)!(ℓ+ 4)!
3(2ℓ+ 7)!
(ℓ+ 1)(ℓ+ 3)(ℓ+ 6)(ℓ+ 8) ,
∑
I
aI11,3ℓ,0 = 2
ℓ−3 (ℓ+ 4)!(ℓ+ 5)!
5(2ℓ+ 7)!
(
(ℓ+ 1)(ℓ+ 8) + 43
)
,
∑
I
aI00,3ℓ,0 = 2
ℓ−4 (ℓ+ 4)!(ℓ+ 5)!
5(2ℓ+ 7)!
(
(ℓ+ 1)(ℓ+ 8) + 23
)
.
(5.52)
Hence we obtain using expansions from appendix E
〈
η22,3ℓ,1
〉
= 2
(ℓ+ 3)(ℓ+ 6)
(
h(ℓ+ 4)− 32
)
(ℓ+ 3)(ℓ+ 6) + 8
,
〈
η21,3ℓ,1
〉
= 2
(ℓ+ 4)(ℓ+ 5)
(
(ℓ+ 2)(ℓ+ 7)
(
h(ℓ+ 4)− 32 )− 2
)
(ℓ+ 1)(ℓ+ 8)
(
(ℓ+ 2)(ℓ+ 7) + 8
) ,
〈
η20,3ℓ,1
〉
= 2
(ℓ+ 3)(ℓ+ 6)
(
h(ℓ+ 4)− 3
2
)− 3
(ℓ+ 1)(ℓ+ 8)
,
〈
η10,3ℓ,1
〉
= 2
(ℓ+ 4)(ℓ+ 5)
(
h(ℓ+ 4)− 32
)− 4
(ℓ+ 1)(ℓ+ 8)
,
〈
η11,3ℓ,1
〉
= 2
(ℓ+ 3)(ℓ+ 6)
(
h(ℓ+ 4)− 3
2
)− 10
3
(ℓ+ 1)(ℓ+ 8) + 4
3
,
〈
η00,3ℓ,1
〉
= 2
(
(ℓ+ 3)(ℓ+ 6) + 4
)(
h(ℓ+ 4)− 3
2
)− 14
3
(ℓ+ 1)(ℓ+ 8) + 2
3
.
(5.53)
In each case the leading behaviour for large ℓ is the same. The corresponding results to
(5.53) for 〈η2〉 may also be obtained but we omit these here.
6. Conclusion
The results of this paper show that the contributions of long multiplets with twist at
most 2p−2 as λ→ 0 are absent from the operator product expansion of two BPS operators
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belonging to the [0, p, 0] representation in the large N limit. This was demonstrated by
explicit calculation for p = 2, 3, 4 using the results obtained by the AdS/CFT correspon-
dence. Such multiplets correspond to string states and are expected to have anomalous
dimensions proportional to
√
λ for large λ. In perturbation theory the anomalous dimen-
sions are given by an expansion in λ without any 1/N suppression. Except for the leading
twist two case the anomalous dimensions cannot be determined completely from the known
perturbative results for four point correlation functions. In the twist two case we were able
to recover the results of perturbative calculations. For twist four and greater higher order
results would be necessary depending on the number of superconformal primary operators
present for each ℓ. If only two are present with anomalous dimensions η1, η2 then we would
have the relations for each r = 0, 1, 2 . . . [10],
〈ηr+2〉 − (η1 + η2)〈ηr+1〉+ η1η2〈ηr〉 = 0 , (6.1)
where 〈1〉 = 1. A solution for η1, η2 is possible using the r = 0, 1 relations if 〈η3〉 is known
in addition to 〈η〉, 〈η2〉. Using only r = 0 then (5.42) agrees with η1,2 = 12(5±
√
5)λ found
in [10] for the lowest dimension scalar operators in the [0, 2, 0] representation and (5.47)
is in accord with η1,2 =
1
4 (13 ±
√
41)λ obtained in [32] for singlet operators with zeroth
order dimension 4. For just two operators (6.1) requires the consistency relation,
〈η4〉 − 〈η2〉2 =
(〈η3〉 − 〈η〉〈η2〉)2
〈η2〉 − 〈η〉2 . (6.2)
Alternatively we may extend the operator product expansion analysis to correlation func-
tions for BPS operators with different p, although such cases have not been calculated
either perturbatively or in the large N limit.
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Appendix A. Conformal Partial Wave Expansions
We consider first the general problem of expanding a general function of u, v in terms
of conformal partial waves
uaF (u, v) =
∑
ℓ=0,1,...
j=0,1,...
cj,ℓ u
a+jG
(ℓ)
ℓ+2a+2j(u, v) , (A.1)
where F (u, v) is assumed to have a power series expansion in u, 1− v. If F satisfies
F (u, v) = ± 1
va
F (u/v, 1/v) , (A.2)
then from (1.10) we must require ℓ to be respectively even, odd in (A.1).
To determine cj,ℓ in (A.1) we use the explicit form for G
(ℓ)
∆ which, with x, x¯ defined
as in (5.10) and with gt,ℓ as in (2.11), was obtained in [23]
G
(ℓ)
ℓ+2t(u, v) =
1
x− x¯
(
xgt,ℓ(x)F (t− 1, t− 1; 2t− 2; x¯)− x↔ x¯
)
. (A.3)
This satisfies
G
(ℓ)
∆ (u, v) = −( 14u)ℓ+1G(−ℓ−2)∆ (u, v) , (A.4)
so that we may require that the coefficients in (A.1) satisfy
−( 14 )ℓ+1cj,ℓ = cj+ℓ+1,−ℓ−2 . (A.5)
The analysis depends on considering an expansion of F in the form
F (u, v) =
x
x− x¯
∞∑
k=0
Fk(x) x¯
k . (A.6)
Using the power series expansions of F (t−1, t−1; 2t−2; x¯) and gt,ℓ(x¯) we may then match
powers of x¯ in (A.1) to find
Fk(x) =
k∑
j=0
αk,j x
j
∞∑
ℓ=0
cj,ℓ ga+j,ℓ(x)
−
∞∑
ℓ=0
k−ℓ−1∑
j=0
αk,j+ℓ+1 (
1
4)
ℓ+1cj,ℓ x
j+ℓ+1ga+j+ℓ+1,−ℓ−2(x) .
(A.7)
where we have used the definition (2.11) of gt,ℓ and
αk,j =
1
(k − j)!
(
(a+ j − 1)k−j
)2
(2a+ 2j − 2)k−j . (A.8)
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With the aid of (A.5) this may be easily rewritten as
Fk(x) =
k∑
j=0
αk,j x
j
∞∑
ℓ=−j−1
cj,ℓ ga+j,ℓ(x) . (A.9)
As shown by Lang and Ru¨hl (see the second paper in [3]) this may be inverted giving
F (j)(x) ≡
j∑
k=0
βj,k Fk(x) = x
j
∞∑
ℓ=−j−1
cj,ℓ ga+j,ℓ(x) , (A.10)
where
∑j
k=l βj,k αk,l = δjl which is satisfied by
βj,k = (−1)j−k 1
(j − k)!
(
(a+ k − 1)j−k
)2
(2a+ k + j − 3)j−k . (A.11)
The result (A.9) then reduces the problem of determining cj,ℓ to matching single variable
expansions which is more straightforward. The first few F (j) are given by
F (0)(x) = F0(x) , F
(1)(x) = F1(x)− 12(a− 1)F0(x) ,
F (2)(x) = F2(x)− 12aF1(x) +
a(a− 1)2
4(2a− 1) F0(x) .
(A.12)
Appendix B. Expansion Coefficients for Free Fields
The determination of the coefficients in the conformal partial wave expansions of
fˆ(x, y) and, for free field theory, H0(u, v; σ, τ) for the cases p = 2, 3, 4 considered here may
be reduced to combinations of various basic expansions which are listed in this appendix.
The expansion of fˆ , as in (2.10), can be obtained by considering
xn+1 =
∞∑
ℓ=n
pn,ℓ g0,ℓ+1(x) , x
′n+1 =
∞∑
ℓ=n
(−1)ℓ+1pn,ℓ g0,ℓ+1(x) . (B.1)
Since, with the definition (2.11), g0,ℓ+1(x) = (−12)ℓ+1
∑∞
n=ℓ αn,ℓ x
n+1, where αn,ℓ is given
by (A.8) with a = 2, we then have from (A.11)
(−1
2
)ℓ+1pn,ℓ = βℓ,n = (−1)n−ℓ (ℓ!)
2
(2ℓ)!
(ℓ+ n)!
(n!)2(ℓ− n)! , (B.2)
using (A.11) for this case. For subsequent use we note that from (2.11) we have for any
integer t
(−12x)tgt,ℓ(x) = g0,t+ℓ(x) . (B.3)
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For the analysis of H0(u, v; σ, τ) we require expansions as in (A.1) with a = 2 again.
In this case βj,k is by (B.2) and (A.10) reduces to (−12)j+2x2F (j)(x) =
∑
ℓ cj,ℓ g0,j+ℓ+2(x).
For expansion of free field expressions it is then sufficient to use just (B.1) and (B.2).
For the leading terms in each of (3.7), (3.18) and (3.35) we require for n = 0, 1 and 2,
un =
∑
ℓ=0,1,...
t=n,n+1,...
a
(n)
tℓ u
tG
(ℓ)
ℓ+2t+4(u, v) ,
un
vn+2
=
∑
ℓ=0,1,...
t=n,n+1,...
(−1)ℓa(n)tℓ utG(ℓ)ℓ+2t+4(u, v) . (B.4)
For F (u, v) = un the method of obtaining the expansion coefficients described in appendix
A then gives a
(n)
tℓ = (−2)ℓ(βt,nβt+ℓ+1,n+1 − βt,n+1βt+ℓ+1,n) or
a
(n)
tℓ = 2
ℓ ((ℓ+ t+ 1)!)
2 (t!)2
(2ℓ+ 2t+ 2)! (2t)!
(ℓ+ 1)(ℓ+ 2t+ 2)
× (ℓ+ t+ 1 + n)! (t+ n)!
(ℓ+ t+ 1− n)! (t− n)! ((n+ 1)!n!)2 .
(B.5)
More generally, the expansion coefficients a
(n)
tℓ are sufficient to compute the expansion coef-
ficients for the contributions from disconnected graphs in the free-field four-point function
for any p = n+ 2.
The sub-leading terms in the large N limit require a variety of other results. To
determine
1
v
=
∑
ℓ=0,2,...
t=0,1,...
btℓ u
tG
(ℓ)
ℓ+2t+4(u, v) , (B.6)
we use (A.6) and (A.10) with
∑j
k=0 βj,k = (−1)jβj,0 to obtain with F (u, v) = 1/v,
x2F (j)(x) = −βj,0(x′ + (−1)jx). Hence btℓ = (1 + (−1)ℓ)(−1)t+12ℓβt,0βt+ℓ+1,0, giving
for ℓ even
btℓ = 2
ℓ+1 ((ℓ+ t+ 1)!)
2 (t!)2
(2ℓ+ 2t+ 2)! (2t)!
(−1)t . (B.7)
This allows the expansion coefficients for the a term in (3.7) and the b term in (3.18) to
be readily obtained.
In a similar fashion for
u2
v2
=
∑
ℓ=0,2,...
t=2,3,...
ctℓ u
tG
(ℓ)
ℓ+2t+4(u, v) , (B.8)
we have, using now also
∑j
k=0 βj,kk = −(−1)jβj,1 = (−1)jj(j + 1)βj,0, for this case from
(A.10) x2F (j)(x) = (1−(−1)j)βj,0(x2−x′2)−βj,1((−1)jx2+x′2+(1+(−1)j)(x+x′)). Hence
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ctℓ = (1 + (−1)ℓ)2ℓ{(1− (−1)t)βt,0βt+ℓ+1,1 − (1 + (−1)t)βt,1βt+ℓ+1,0 − (−1)tβt,1βt+ℓ+1,1}
giving for ℓ even
ctℓ = 2
ℓ ((ℓ+ t+ 1)!)
2 (t!)2
(2ℓ+ 2t+ 2)! (2t)!
(
(1 + (−1)t)t(t+ 1)(ℓ+ t)(ℓ+ t+ 3)
− (1− (−1)t)(t− 1)(t+ 2)(ℓ+ t+ 1)(ℓ+ t+ 2)) . (B.9)
In conjunction with recurrence relations given below, the expansion coefficients ctℓ are
sufficient to determine those for the a term in (3.18) and the b and c terms in (3.35).
Additionally for the remaining a terms in (3.35) we require the expansions.
u2
v
=
∑
ℓ=0,1,...
t=2,3,...
dtℓ u
tG
(ℓ)
ℓ+2t+4(u, v) ,
u2
v3
=
∑
ℓ=0,1,...
t=2,3,...
(−1)ℓdtℓ utG(ℓ)ℓ+2t+4(u, v) . (B.10)
For F (u, v) = u2/v then x2F (j)(x) = (βj,0(1− (−1)j) + βj,1)x3 − βj,2(x2 + x+ x′). This
gives dtℓ = (−2)ℓ{(1− (−1)t)βt,0 + βt,1)βt+ℓ+1,2 − βt,2(βt+ℓ+1,1 + (1 + (−1)t+ℓ)βt+ℓ+1,0)}
so that for ℓ even
dtℓ = 2
ℓ−3 ((ℓ+ t+ 1)!)
2 (t!)2
(2ℓ+ 2t+ 2)! (2t)!
×
(
(1 + (−1)t)t(t+ 1)(ℓ+ t)(ℓ+ t+ 3)((ℓ+ 1)(ℓ+ 2t+ 2) + 2)
+ (1− (−1)t)(t− 1)(t+ 2)(ℓ+ t+ 1)(ℓ+ t+ 2)((ℓ+ 1)(ℓ+ 2t+ 2)− 2)) ,
(B.11)
and for ℓ odd
dtℓ = 2
ℓ−3 ((ℓ+ t+ 1)!)
2 (t!)2
(2ℓ+ 2t+ 2)! (2t)!
(ℓ+ 1)(ℓ+ 2t+ 2)
× ((1 + (−1)t)t(t+ 1)(ℓ+ t+ 1)(ℓ+ t+ 2)
+ (1− (−1)t)(t− 1)(t+ 2)(ℓ+ t)(ℓ+ t+ 3)) .
(B.12)
All the above results for expansion coefficients satisfy the identity (A.5).
For other results we may make repeated use of the following recurrence relations,
(v − 1)G(ℓ)∆ (u, v) = 2G(ℓ+1)∆−1 (u, v) + 12uG
(ℓ−1)
∆−1 (u, v)
+ 18f∆+ℓ uG
(ℓ+1)
∆+1 (u, v) +
1
32f∆−ℓ−2 u
2G
(ℓ−1)
∆+1 (u, v) ,
(v + 1)G
(ℓ)
∆ (u, v) = 2G
(ℓ)
∆−2(u, v) +
1
2f∆+ℓG
(ℓ+2)
∆ (u, v) +
1
2uG
(ℓ)
∆ (u, v)
+ 1
32
f∆−ℓ−2 u
2G
(ℓ−2)
∆ (u, v) +
1
128
f∆+ℓ f∆−ℓ−2 u
2G
(ℓ)
∆+2(u, v) ,
(B.13)
where fλ = λ
2/(λ2 − 1).
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Appendix C. Results for D Functions and Loop Integrals
We here list some results for the two variable functions D∆1∆2∆3∆4(u, v) which arise
from AdS/CFT integrals for large N and in terms of which the perturbative results may
also be expressed. Many properties are known, see [24,23,19], only the significant ones in
the present context are listed here. With the definition (4.5) for s they may in general be
expressed as power series as follows
D∆1∆2∆3∆4(u, v) = Γ(−s)
Γ(∆1)Γ(∆2)Γ(∆3 + s)Γ(∆4 + s)
Γ(∆1 +∆2)
×G(∆2,∆3 + s, 1 + s,∆1 +∆2; u, 1− v)
+ Γ(s)
Γ(∆1 − s)Γ(∆2 − s)Γ(∆3)Γ(∆4)
Γ(∆3 +∆4)
× u−sG(∆2 − s,∆3, 1− s,∆3 +∆4; u, 1− v) ,
(C.1)
where
G(α, β, γ, δ; x, y) =
∞∑
m,n=0
(δ − α)m(δ − β)m
m! (γ)m
(α)m+n(β)m+n
n! (δ)2m+n
xmyn . (C.2)
The result (C.1) clearly satisfies (4.6). The series is convergent in the neighbourhood of
u, 1− v ∼ 0. For other limits we may use the symmetry relations for transpositions of ∆i,
D∆1∆2∆3∆4(u, v) = v
−∆2D∆1∆2∆4∆3(u/v, 1/v)
= D∆3∆2∆1∆4(v, u)
= u−∆2 D∆4∆2∆3∆1(1/u, v/u) ,
(C.3)
where other cases may be obtained by using the identities (4.6) or
D∆1∆2∆3∆4(u, v) = v
1
2
(∆1+∆4−∆2−∆3)D∆2∆1∆4∆3(u, v) . (C.4)
The first relation in (C.3) is responsible for (4.11), (4.13) and (4.14) obeying (2.9). We
may also note that, directly from the representation (C.1),
D∆1∆2∆3∆4(u, v) = DΣ−∆3 Σ−∆4 Σ−∆1 Σ−∆2(u, v) , Σ =
1
2
4∑
i=1
∆i . (C.5)
The singularities present in the result (C.1) arising from Γ(−s) for s = 0, 1, 2, . . . are
cancelled by corresponding terms in the second expression on the right hand side of (C.1)
but this leads to lnu terms. The full result is then given by (4.7) and (4.8) with
D∆1∆2∆3∆4(u, v)reg. =
(−1)s
s!
Γ(∆1)Γ(∆2)Γ(∆3 + s)Γ(∆4 + s)
Γ(∆1 +∆2)
×
(
− lnuG(∆2,∆3 + s, 1 + s,∆1 +∆2; u, 1− v) (C.6)
+
∞∑
m,n=0
(∆1)m(∆4 + s)m
m! (s+ 1)m
(∆2)m+n(∆3 + s)m+n
n! (∆1 +∆2)2m+n
gmnu
m(1− v)n
)
,
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where
gmn = ψ(m+ 1) + ψ(s+m+ 1) + 2ψ(∆1 +∆2 + 2m+ n)
− ψ(∆1 +m)− ψ(∆4 + s+m)− ψ(∆2 +m+ n)− ψ(∆3 + s+m+ n) .
(C.7)
We may also note that from (4.8)
D∆1∆2∆∆+1(u, v)sing. −D∆1∆2∆+1∆(u, v)sing.
= −u−s(1− v) Γ(∆1 − s)Γ(∆2 − s+ 1)Γ(∆)Γ(∆+ 1)
Γ(2∆ + 2)
×
s−1∑
m=0
(−1)m(s−m− 1)! (∆1 − s)m(∆2 − s+ 1)m(∆)m(∆ + 1)m
m! (2∆ + 2)2m
× umF (∆2 − s+ 1 +m,∆+m+ 1; 2∆+ 2m+ 2; 1− v) .
(C.8)
If ∆i = 0 the integral defining the D function reduces to that for a three point function
which may be directly evaluated giving
D∆1∆2∆3∆4(u, v)∆4
∣∣
∆4→0
= Γ(Σ−∆1)Γ(Σ−∆2)Γ(Σ−∆3) u∆3−Σv∆1−Σ , (C.9)
with results for other ∆i = 0 obtained from (C.3).
The derivation of (4.11) depends on the identity
D2523(u, v) +D2532(u, v) = −D1533(u, v) + u−1v−2 , (C.10)
whereas to obtain (4.13) we make use of
D3634(u, v) +D3643(u, v) = −D2644(u, v) +D2633(u, v) ,
D2624(u, v) +D2642(u, v) = − 2D2633(u, v)−
(
D1634(u, v) +D1643(u, v)
)
+ 2u−1v−3(1 + v) ,
D3623(u, v) +D3632(u, v) = −D2633(u, v) + u−2v−2 ,
D4624(u, v) +D4642(u, v) = − 2D4633(u, v) +D2644(u, v)− 2D2633(u, v) + u−2v−2 .
(C.11)
To obtain (4.14) we also use
D2624(u, v)−D2642(u, v) = −D1634(u, v) +D1643(u, v)− 2u−1v−3(1− v) ,
D4624(u, v)−D4642(u, v) = D3623(u, v)−D3632(u, v)−D3634(u, v) +D3643(u, v) .
(C.12)
The results in (4.13) may be further simplified by using
D1634(u, v) +D1643(u, v) = −uD1733(u, v)reg. − 4 1
v3
lnu+ f(v) , (C.13)
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with f(v) given by a series in 1− v.
Besides appearing in the large N expansion the D functions may also be used as a
generating function for the loop integrals Φ(L) which appear in perturbation theory. If
δ = γ + 1 in (C.2), which corresponds to
∑
i∆i = 4 in (C.1), we have with the definitions
(5.10) from [23]
G(α, β, γ, γ + 1; u, 1− v) = 1
x− x¯
(
xF (α, β; γ + 1; x)F (α− 1, β − 1; γ − 1; x¯)
− x↔ x¯) . (C.14)
Using this we have
D1+δ 11 1−δ(u, v) =
π
sinπδ
(
−Gδ(x, x¯) + u−δG−δ(x, x¯)
)
, (C.15)
where
Gδ(x, x¯) =
1
1 + δ
1
x− x¯
(
xF (1, 1 + δ; 2 + δ; x)− x↔ x¯) . (C.16)
By using standard hypergeometric identities we may then obtain
Gδ(x, x¯) = − 1
xx¯
G−δ(1/x, 1/x¯) +
π
sinπδ
(−x)−δ − (−x¯)−δ
x− x¯ , (C.17)
which, used in (C.15), gives
D1+δ 11 1−δ(u, v) = u
−1−δ D1+δ 11 1−δ(1/u, v/u) , (C.18)
in accord with (C.3) and (4.6).
From the identity (C.16) it is straightforward to see that
Gδ(x, x¯) =
∞∑
r=0
(−δ)rφr+1(x, x¯) , (C.19)
with φn defined in terms of polylogarithms as in (5.13). Using (C.19) in (C.17) is equiv-
alent to standard identities relating Lin(x) and Lin(1/x). The result (C.19) leads to a
corresponding expansion of D1+δ 11 1−δ by virtue of (C.15). This may be rearranged in
terms of generalised loop integrals where the definitions in (5.12) for L = 1, 2 are extended
[27,28], with u, v as in (5.10), to
1
v
Φˆ(L)(x, x¯) =
1
L!
2L∑
n=L
(−1)nn!
(n− L)! (2L− n)! ln
2L−nuφn(x, x¯) , (C.20)
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and we let Φ(L)(u/v, 1/v) = Φˆ(L)(x, x¯). The expansion obtained by using (C.19) in (C.15)
may then be re-expressed in the form
D1+δ 11 1−δ(u, v) =
π
sinπδ
∞∑
L=1
hL(u, δ)
1
v
Φˆ(L)(x, x¯) , (C.21)
where
hL(u, δ) =
(−1)LL!
ln2L−1u
L−1∑
r=0
(2L− 2− r)!
(L− 1− r)! r! (δ lnu)
r
(
u−δ − (−1)r) . (C.22)
The functions hL are linearly independent and, despite appearances, regular for u = 1,
hL(1, δ) =
2(L!)2
(2L)! δ
2L−1. It is easy to see that
hL(u, δ) = u
−δhL(1/u, δ) , (C.23)
so that (C.18) is equivalent (5.14) to for each L. As a consequence of (C.21) Φ(L) for each L
may therefore be obtained in terms of an appropriate limit of the expansion of D1+δ 11 1−δ
to O(δ2L−2).
For the purpose of discussing perturbative results in terms of the operator product
expansion as in section 5 we need to analyse Φ(L)(1/u, v/u) for small u, 1 − v or equiv-
alently Φˆ(L)(x, x¯) in the neighbourhood of x, x¯ = 1. For L = 1 it is sufficient to use
Φ(1)(1/u, v/u)/u = Φ(1)(u, v) but for higher L an expression for the non analytic piece
involving lnu may be obtained from
D1+δ 11 1−δ(v, u) = D11 1+δ 1−δ(u, v) ∼ − πδ
sinπδ
lnuG(1, 1 + δ, 1, 2; u, 1− v)
= − π
sin πδ
lnu
1
x− x¯
(
(1− x)−δ − (1− x¯)−δ) , (C.24)
where we have used (C.3), the lnu part of (C.6) and (C.14). Using the expansion (C.21)
to O(δ2) we may then obtain
1
u
Φ(2)(1/u, v/u) ∼ 12 lnu φ1(x, x¯) ln(1− x) ln(1− x¯) , (C.25)
neglecting terms which are just a power series in u, 1− v. For application in section 4 we
may then note that ln(1− x) ln(1− x¯) = O(u). To determine a suitable expansion for the
for the non lnu terms in Φ(L)(1/u, v/u) we may start from (C.16) and use
x
1 + δ
F (1, 1 + δ; 2 + δ; x) = x−δ
(
ln(1− x) + fδ(1− x)
)
, (C.26)
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where fδ is expressible as a power series so that
fδ(x)− ψ(1 + δ) + ψ(1) =
∞∑
r=1
(1 + δ)r
r! r
x′r − ln(1− x)
=
∞∑
r=1
(−δ)r
r! r
xr =
∫ x
0
1
u
(
(1− u)δ − 1)du .
(C.27)
Using (C.16) in (C.15) we then get
D1+δ 11 1−δ(v, u) = − π
sinπδ
1
x− x¯
(
(1− x)−δ( lnxx¯+ fδ(x) + f−δ(x¯))− x↔ x¯) . (C.28)
This may be used to obtain results for Φ(L) from (C.21) if we expand fδ in the form
fδ(x) =
∑
r=1,2,...
(−δ)r(pr(x)− ζ(r + 1)) , (C.29)
where
pr(x) =
1
r!
∫ x
0
1
u
(− ln(1− u))r du = (−1)r ∞∑
n=r
S(r)n
1
n!n
(−x)n , p1(x) = Li2(x) ,
(C.30)
where S(r)n is a Stirling number of the first kind. It is easy to check that
pr(x) = (−1)rpr(x′)− 1(r+1)!
(− ln(1− x))r+1 . (C.31)
For Φ(2) there is then an alternative expression of the form
1
u
Φ(2)(1/u, v/u) =
(
1
2
lnu φ1(x, x¯)− 3φ2(x, x¯)
)
ln(1− x) ln(1− x¯) + 1
2
φ2(x, x¯) ln
2 v
+ 3φ1(x, x¯)
(
2ζ(3)− p2(x)− p2(x¯)
)
+ 6
p3(x)− p3(x¯)
x− x¯ , (C.32)
where the right hand side may be readily expanded in powers of x, x¯.
Appendix D. Expansion Coefficients for Large N Calculations
We here demonstrate how the first few expansion coefficients in (4.20) are given by
(4.21) with (4.19). We start by proving the result (4.18), namely
F (a, b; 2b; x) =
∑
ℓ=0,2,...
rab,ℓ (
1
2
x)ℓ F (ℓ+ a, ℓ+ a; 2ℓ+ 2a; x) , (D.1)
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for rab,ℓ as in (4.19). The summation over ℓ may be performed to rewrite the right-hand
side of (D.1), using standard Γ-function identities, as
∞∑
n=0
1
n!
(a)n
2
(2a)n
Sn(a, b) x
n , (D.2)
where
Sn(a, b) = 4F3
(
−n
2
, 1
2
− n
2
, a− 1
2
, a− b
a+ n2 , a+
n
2 +
1
2 , b+
1
2
∣∣∣∣∣1
)
+
4n(n− 1)(a− b)
(2a+ n)(2a+ n+ 1)(2b+ 1)
4F3
(
1− n2 , 32 − n2 , a+ 12 , a− b+ 1
a+ n
2
+ 1, a+ n
2
+ 3
2
, b+ 3
2
∣∣∣∣∣1
)
,
(D.3)
in terms of standard 4F3 hypergeometric functions. All that is required now is to prove
that the latter equals
Tn(a, b) =
(2a)n(b)n
(a)n(2b)n
, (D.4)
when n ≥ 0 so that (D.1) immediately follows. This appears to be a non-standard hyperge-
ometric identity however we may prove it (by a method similar to that used by Pfaff in 1797
to prove the Pfaff-Saalschu¨tz 3F2 identity) by first establishing the following recurrence
relation, namely,
Sn(a, b) = Sn−1(a, b)+
2(n− 1)(2a+ 1)(2a+ 3)(a− b)
(2a+ n− 1)(2a+ n)(2a+ n+ 1)(2b+ 1)Sn−2(a+2, b+1) . (D.5)
To see this, it is perhaps helpful to note that Sn(a, b) may be rewritten as,
Sn(a, b) =
[n/2]∑
k=0
Sn,k(a, b) , Sn,k(a, b) =
(
1 +
4k
2a− 1
)
(−n)2k(a− 12)k(a− b)k
k!(2a+ n)2k(b+
1
2 )k
, (D.6)
whereby we may readily verify that
Sn,k(a, b) = Sn−1,k(a, b)+
2(n− 1)(2a+ 1)(2a+ 3)(a− b)
(2a+ n− 1)(2a+ n)(2a+ n+ 1)(2b+ 1)Sn−2,k−1(a+2, b+1) ,
(D.7)
so that, summing the latter over k, (D.5) follows. We may then note that (D.5) with
S0(a, b) = S1(a, b) = 1 uniquely defines Sn(a, b), n ≥ 0. Thus, as Tn(a, b) in (D.4) satisfies
the same recurrence relation (D.5) and T0(a, b) = T1(a, b) = 1 then Sn(a, b) = Tn(a, b) for
n ≥ 0, as required.
Turning now to the proof of (4.20), (4.21) with (4.19), we make use of the general
discussion in appendix A where we take
F (u, v) = F (a, b; 2b; 1− v) , (D.8)
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so that the definition (A.6) of Fk(x) now becomes
(x− x¯)F (a, b; 2b; x+ x¯(1− x)) = x ∞∑
k=0
Fk(x) x¯
k , (D.9)
and the first few Fk(x) are
F0(x) = F (a, b; 2b; x) ,
F1(x) = (
1
2
a x− 1) 1
x
F (a, b; 2b; x) +
a(a− 2b)
4(2b+ 1)
xF (a+ 1, b+ 1; 2b+ 2; x) ,
F2(x) =
1
4
a
(
(a− b+ 1)x− 2) 1
x
F (a, b; 2b; x)
+
a(a− 2b)
8(2b+ 1)
(
(a+ b+ 1)x− 2(b+ 1))F (a+ 1, b+ 1; 2b+ 2; x) ,
(D.10)
where we have used the identity
(x− 1) γ
αβ
d
dx
F (α, β; γ; x) = −F (α, β; γ; x) + (γ − α)(γ − β)
γ(γ + 1)
xF (α+ 1, β + 1; γ + 2; x) ,
(D.11)
in the Taylor expansion of the left-hand side of (D.9). With (D.10), we may use (A.12) to
obtain
F (0)(x) = F (a, b; 2b; x) ,
F (1)(x) =
ab(a− 2b)
2(4b2 − 1) xF (a+ 1, b+ 1; 2b+ 2; x)−
1
x
F (a− 1, b− 1; 2b− 2; x) ,
F (2)(x) = a(a+ 1)(b+ 1)
(a− 2b− 1)(a− 2b)
16(2b+ 1)2(2b+ 3)
x2 F (a+ 2, b+ 2; 2b+ 4; x)
− a a(a− 3b− 1) + b
4(2a− 1)(2b+ 1) F (a, b; 2b; x) ,
(D.12)
where we have used the identity
(
1− γ(α+ β − 1)− 2αβ
γ(γ − 2) x
)
F (α, β; γ; x)
= F (α− 1, β − 1; γ − 2; x) + αβ (γ − α)(γ − β)
γ2(γ2 − 1) x
2 F (α+ 1, β + 1; γ + 2; x) .
(D.13)
Using (A.9) with (D.12) along with the expansion (D.1) we may now easily determine cj,ℓ
as in (4.21) for j = 1, 2. It is easy to check that 14c0,0 = −c1,−2 and 14c1,0 = −c2,−2 in
accord with (A.5).
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An alternative approach to finding these results is to consider an expansion of the
conformal partial waves G
(ℓ)
∆ . By separating (A.3) into two separate terms we have in
general
G
(ℓ)
∆ (u, v) = f∆,ℓ(u, 1− v)− ( 14u)ℓ+1f∆,−ℓ−2(u, 1− v) , (D.14)
and we may then expand f∆,ℓ(u, 1 − v) in powers of u, extending the result (4.17). The
first few terms are then
f∆,ℓ(u, x) = gt,ℓ(x)− 14(ℓ− 1) ugt+1,ℓ−2(x) +
(t+ ℓ)2(2t+ ℓ)
4(2t+ 2l − 1)(2t+ 2l + 1) ugt+1,ℓ(x)
+ 132(ℓ− 2)(ℓ− 3) u2gt+2,ℓ−4(x)
− (ℓ− 1)(2t+ ℓ)
16(2t+ 2l − 3)(2t+ 2l + 1)
(
(t+ ℓ− 1)(t+ ℓ)− t− 1
2t− 1
)
u2gt+2,ℓ−2(x)
+
(t+ ℓ)2(t+ ℓ+ 1)2(2t+ ℓ+ 1)(2t+ ℓ+ 2)
32(2t+ 2l − 1)(2t+ 2l + 1)2(2t+ 2l + 3) u
2gt+2,ℓ(x) + O(u
3) . (D.15)
The general form is f∆,ℓ(u, x) =
∑
p=0,1,...,q=0,1,...p cp,q u
pgt+p,ℓ−2q(x), in accord with a
very different treatment in [9]. Each term in such an expansion is in accord with the
symmetry condition (1.10) as a consequence of gt,ℓ(x) = (−1)ℓ(1− x)−tgt,ℓ(x′). For low ℓ
terms involving gt,−n(x) for n = 1, 2, . . . cancel between the two contributions in (D.14).
For a special case a related expansion was given in the first paper in [11].
Appendix E. Expansion Coefficients for Perturbative Calculations
The results of section 5 depend on the expansion of various functions f(x), such as
listed in (5.18), in terms of gt,ℓ(x) for appropriate t. We here describe some further details
as to how these were obtained. By letting xtf(x) → f(x) and using (B.3) we need only
consider expansion involving g0,ℓ(x). In consequence we need to determine coefficients f˜ℓ
such that
f(x) =
∞∑
ℓ=1
2ℓ+1
(ℓ!)2
(2ℓ)!
f˜ℓ g0,ℓ+1(x) . (E.1)
Since g0,ℓ(x) = (−1)ℓg0,ℓ(x′) the expansion of f(x′) is is as in (E.1) with f˜ℓ → (−1)ℓ+1f˜ℓ.
By expanding f so that
f(x) =
∞∑
n=1
fn x
n+1 , (E.2)
and using (B.1), (B.2) we obtain
f˜ℓ =
ℓ∑
n=1
fn (−1)n+1 (ℓ+ n)!
(n!)2(ℓ− n)! . (E.3)
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The determination of f˜ℓ is aided by using from (E.3)
∞∑
ℓ=1
f˜ℓ y
ℓ = − 1
1− y
∞∑
n=1
fn
(2n)!
(n!)2
( −y
(1− y)2
)n
, (E.4)
where the right hand side may be determined in cases of interest. If
Sk(y) = −
∞∑
n=1
1
nk
(2n)!
(n!)2
( −y
(1− y)2
)n
, (E.5)
then
1− y
1 + y
y
d
dy
Sk(y) = Sk−1(y) , (E.6)
so that we may find
S0(y) =
2y
1 + y
, S1(y) = −2 ln(1− y) , S2(y) = 2
(
Li2(y) + ln
2(1− y)) . (E.7)
Expanding Sk(y)/(1 − y) then gives f˜ℓ in (E.3) for fn = n−k. In other cases we have
resorted to matching expansions obtained through algebraic calculations of large numbers
of terms.
Many of the results can be obtained from certain basic summations. We consider first
(−x)p ln(1− x) =
∞∑
ℓ=1
2ℓ+1
(ℓ!)2
(2ℓ)!
a
(p)
ℓ g0,ℓ+1(x) , (E.8)
and
−(−x)p Li2(x) =
∞∑
ℓ=1
2ℓ+1
(ℓ!)2
(2ℓ)!
b
(p)
ℓ g0,ℓ+1(x) , (E.9)
where the coefficients a
(p)
ℓ , b
(p)
ℓ are obtained by taking f
(p)
n → (−1)p+1/(n − p + 1),
(−1)p+1/(n− p+ 1)2 for n ≥ p respectively in (E.3). We find
a
(1)
ℓ = 2h(ℓ) ,
a
(2)
ℓ = 2ℓ(ℓ+ 1)
(
h(ℓ)− 1) ,
a
(3)
ℓ =
1
2 (ℓ− 1)ℓ(ℓ+ 1)(ℓ+ 2)
(
h(ℓ)− 32
)
,
(E.10)
and
b
(1)
ℓ = 2h(ℓ)
2 ,
b
(2)
ℓ = 2ℓ(ℓ+ 1)
(
h(ℓ)− 1)2 − 2h(ℓ) + ℓ(ℓ+ 1) . (E.11)
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With these results and (5.18) we have
x3f11(x) =
1
2
(
x ln(1− x)− x′ ln(1− x′)) = − ∑
ℓ=2,4,...
2ℓ+2
(ℓ!)2
(2ℓ)!
h(ℓ) g0,ℓ+1(x) , (E.12)
and
x3f22(x) = −14
(
xLi2(x)− x′ Li2(x′)
)
= −
∑
ℓ=2,4...
2ℓ+1
(ℓ!)2
(2ℓ)!
h(ℓ)2 g0,ℓ+1(x) . (E.13)
(E.12) and (E.13) directly lead to the expansions for f1,1 and f2,2 given by (5.22) and
(5.25).
Further relevant expansions are given by
(−x′)p Li2(x) =
∞∑
ℓ=1
2ℓ+1
(ℓ!)2
(2ℓ)!
b′
(p)
ℓ g0,ℓ+1(x) , (E.14)
where we find
b′
(1)
ℓ = (−1)ℓ2
ℓ∑
r=1
(−1)r 1
r2
,
b′
(2)
ℓ = (−1)ℓ
(
2ℓ(ℓ+ 1)
ℓ∑
r=1
(−1)r
r2
+ 2h(ℓ) + 1
)
− 1 .
(E.15)
Hence
x3f10(x) = (x+ x
′) Li2(x) =
∞∑
ℓ=1
2ℓ+1
(ℓ!)2
(2ℓ)!
(
b
(1)
ℓ + b
′(1)
ℓ
)
g0,ℓ+1(x) . (E.16)
In addition for application in (5.26) we also need to consider
∑
ℓ=2,4,...
2ℓ+1
(ℓ!)2
(2ℓ)!
h(ℓ) g′0,ℓ+1(x) = −
∞∑
ℓ=3
2ℓ+1
(ℓ!)2
(2ℓ)!
dℓ g0,ℓ+1(x) . (E.17)
Expanding in powers of x gives
dℓ = 2
ℓ∑
n=2
(−1)n+1 (ℓ+ n)!
(ℓ− n)!
×
∑
j=2,4,...
2j + 1
(n− j)! (j + n+ 1)! h(j)
(
h(n)− h(j)− h(j + n+ 1) + h(2j + 1))
=
{
h(ℓ)2 +
∑ℓ
r=1
(−1)r
r2 , if ℓ = 3, 5, . . . ,
3h(ℓ)2 − 2h(2ℓ)h(ℓ)−∑ℓr=1 1r2 (1 + (−1)r) , if ℓ = 2, 4, . . . .
(E.18)
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With (2.20) and (E.15) we then find
d¯ℓ = dℓ − 12
(
b
(1)
ℓ + b
′(1)
ℓ
)
=
{
0 , if ℓ = 3, 5, . . . ,
2h(ℓ)2 − 2h(2ℓ)h(ℓ)−∑ℓr=1 1r2 , if ℓ = 2, 4, . . . , (E.19)
which, with the aid of (E.16), is used in obtaining bℓ,1 = d¯ℓ+2 in (5.27) from (5.26).
From the result (5.18) for f21 we have
x3f21(x) =
3
4 (x+ x
′)
(
Li3(x)− Li3(x′)
)
+ 1
4
(x− x′) ln(1− x) Li2(x) + 14 (x+ x′) ln(1− x′) Li2(x′) .
(E.20)
To obtain its expansion we first consider
xLi3(x) =
∞∑
ℓ=1
2ℓ+1
(ℓ!)2
(2ℓ)!
cℓ g0,ℓ+1(x) , −x′ Li3(x) =
∞∑
ℓ=1
2ℓ+1
(ℓ!)2
(2ℓ)!
c′ℓ g0,ℓ+1(x) , (E.21)
which gives
cℓ =
ℓ∑
n=1
1
n3
(−1)n+1 (ℓ+ n)!
(n!)2(ℓ− n)! =
2
3
( ℓ∑
r=1
1
r3
+ 2h(ℓ)3
)
,
c′ℓ =
ℓ∑
n=1
n∑
r=1
1
r3
(−1)n+1 (ℓ+ n)!
(n!)2(ℓ− n)! = 2
ℓ∑
r=1
(−1)ℓ+r
(
2h(r)
1
r2
− 1
r3
)
.
(E.22)
For the rest of f21 it is then sufficient to expand
−x ln(1− x) Li2(x) =
∞∑
ℓ=1
2ℓ+1
(ℓ!)2
(2ℓ)!
eℓ g0,ℓ+1(x) ,
x′ ln(1− x) Li2(x) =
∞∑
ℓ=1
2ℓ+1
(ℓ!)2
(2ℓ)!
e′ℓ g0,ℓ+1(x) ,
(E.23)
which leads to
eℓ = 4
( ℓ∑
r=1
(−1)r
r3
− 2
ℓ∑
r=1
1
r
r∑
s=1
(−1)s
s2
− h(ℓ)3
)
,
e′ℓ = − 4(−1)ℓ
( ℓ∑
r=1
1
r3
(
1 + 2(−1)r)− 4 ℓ∑
r=1
1
r
r∑
s=1
(−1)s
s2
+ 3h(ℓ)
ℓ∑
r=1
(−1)r
r2
)
.
(E.24)
Hence (E.20) gives
x3f21(x) =
∞∑
ℓ=1
2ℓ−1
(ℓ!)2
(2ℓ)!
((
3(cℓ− c′ℓ)−e′ℓ
)(
1+(−1)ℓ)−eℓ(1− (−1)ℓ)) g0,ℓ+1(x) . (E.25)
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It remains to calculate
∑
ℓ=2,4,...
2ℓ+1
(ℓ!)2
(2ℓ)!
h(ℓ)2 g′0,ℓ+1(x) = −
∞∑
ℓ=3
2ℓ+1
(ℓ!)2
(2ℓ)!
fℓ g0,ℓ+1(x) . (E.26)
By using an expression similar to (E.18) we may find
fℓ =


h(ℓ)3 + 2
∑ℓ
r=1
1
r
∑r
s=1
(−1)s
s2
−∑ℓr=1 (−1)rr3 , if ℓ = 3, 5, . . . ,
3h(ℓ)3 − 2h(2ℓ)h(ℓ)2 − 2h(ℓ)∑ℓr=1 1r2
−2∑ℓr=1 1r ∑rs=1 (−1)ss2 +∑ℓr=1 1r3 (1 + (−1)r) , if ℓ = 2, 4, . . . .
(E.27)
Using these results in (5.28) we have for odd ℓ
fℓ +
1
4
eℓ = 0 , (E.28)
whereas for even ℓ,
f¯ℓ = fℓ − 34(cℓ − c′ℓ) + 14e′ℓ = 2h(ℓ)3 − 2h(2ℓ)h(ℓ)2 − 2h(ℓ)
ℓ∑
r=1
1
r2
−
ℓ∑
r=1
1
r
r∑
s=1
(−1)s
s2
− 1
2
ℓ∑
r=1
1
r3
(1− (−1)r) ,
(E.29)
so that from (5.28) we have ηℓ,2 = 2(f¯ℓ+2 − d¯ℓ+2h(ℓ+ 2)), in accord with (5.29).
For the analysis of the twist 4 case we have from (5.39)
x4f11,11;0(x) =
1
12
(
x2 ln(1− x) + x′2 ln(1− x′)) ,
x4f10,11;0(x) =
1
12
(
(x2 + 2x) ln(1− x)− (x′2 + 2x′) ln(1− x′)) . (E.30)
Hence from (E.10) we have
x4f11,11;0(x) =
∑
ℓ=1,3,...
2ℓ
(ℓ!)2
3(2ℓ)!
b
(2)
ℓ g0,ℓ+1(x) ,
x4f10,11;0(x) =
∑
ℓ=2,4,...
2ℓ
(ℓ!)2
3(2ℓ)!
(
b
(2)
ℓ − 4h(ℓ)
)
g0,ℓ+1(x) .
(E.31)
At the next order (5.39) gives
x4f11,22;0(x) = − 148
(
(2x2 + x′2 + x+ x′) Li2(x) + (2x
′2 + x2 + x+ x′) Li2(x
′)
)
,
x4f10,22;0(x) = − 148
(
(2x2 − x′2 + x+ x′) Li2(x)− (2x′2 − x2 + x+ x′) Li2(x′)
)
.
(E.32)
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The results (E.10), (E.11) and (E.14) then give
x4f11,22;0(x) =
∑
ℓ=3,5,...
2ℓ−2
(ℓ!)2
3(2ℓ)!
(
2b
(2)
ℓ − b′(2)ℓ − b(1)ℓ − b′(1)ℓ
)
g0,ℓ+1(x) ,
x4f10,22;0(x) =
∑
ℓ=2,4...
2ℓ−2
(ℓ!)2
3(2ℓ)!
(
2b
(2)
ℓ + b
′(2)
ℓ − b(1)ℓ − b′(1)ℓ
)
g0,ℓ+1(x) .
(E.33)
For singlet operators we may use from (5.43)
x3f
(1)
00,11(x) = x
4f11,11;0(x) +
1
2 (x+ x
′) =
∑
ℓ=1,3,...
2ℓ+1
(ℓ!)2
(2ℓ)!
(
1
6b
(2)
ℓ − 1
)
g0,ℓ+1(x) , (E.34)
and
x3f
(1)
00,22(x)− x4f11,22;0(x)
= 18 (x+ x
′ − 2)(Li2(x) + Li2(x′))+ 18 (x− x′) ln(1− x) + 14 (x+ x′)
=
∑
ℓ=1,3,...
2ℓ−1
(ℓ!)2
(2ℓ)!
(
b
(1)
ℓ + b
′(1)
ℓ − 2h(ℓ)− 2 +
2
ℓ(ℓ+ 1)
)
g0,ℓ+1(x) .
(E.35)
To obtain (E.35) we use
−Li2(x)− Li2(x′) = 12 ln2(1− x) =
∑
ℓ=1,3,...
2ℓ+1
(ℓ!)2
(2ℓ)!
2
ℓ(ℓ+ 1)
g0,ℓ+1(x) . (E.36)
From (5.50) we have
x5f22,11;0(x) =
1
120
(
x3 ln(1− x)− x′3 ln(1− x′)) ,
x5f20,11;0(x) =
1
120
(2x3 + 3x2 + 6x) ln(1− x)− (2x′3 + 3x′2 + 6x′) ln(1− x′)) ,
x5f21,11;0(x) =
1
40
(
(x3 + x2) ln(1− x) + (x′3 + x′2) ln(1− x′)) ,
(E.37)
and from (5.51)
x4f
(1)
10,11(x) =
1
24
(
x3 ln(1− x) + x′3 ln(1− x′))+ 112 (x2 + 2x+ x′2 + 2x′) ,
x4f
(1)
11,11(x) =
1
20
(
x3 ln(1− x)− x′3 ln(1− x′))+ 112 (x2 − x′2) ,
x3f
(2)
00,11(x) =
1
40
(
(x3 − x2) ln(1− x)− (x′3 − x′2) ln(1− x′))+ 112(x2 − x′2) .
(E.38)
Using (E.8) and (E.10) the required expansions may be easily read off.
50
References
[1] J. Cardy, Anisotropic Corrections to Correlation Functions in Finite Size Systems,
Nucl. Phys. B290 (1987) 355.
[2] H. Osborn and A. Petkou, Implications of Conformal Invariance for Quantum
Field Theories for General Dimensions, Ann. Phys. (N.Y.) 231 (1994) 311, hep-
th/9307010.
[3] K. Lang and W. Ru¨hl, The Critical O(N) Sigma Model at Dimension 2 < d < 4
and order 1/N2: Operator Product Expansions and Renomalization, Nucl. Phys.
B377 (1992) 371;
K. Lang and W. Ru¨hl, The Critical O(N) Sigma Model at Dimension 2 < d < 4
and order 1/N2: Fusion Coefficients and Anomalous Dimensions, Nucl. Phys. B400
(1993) 597;
K. Lang and W. Ru¨hl, The Critical O(N) Sigma Model at Dimension 2 < d < 4
and order 1/N2: A List of Quasiprimary Fields, Nucl. Phys. B402 (1993) 573;
K. Lang and W. Ru¨hl, The Critical O(N) Sigma Model at Dimension 2 < d < 4
and order 1/N2: The Degeneracy of Quasiprimary Fields and its Resolution, Zeit.
f. Physik C61 (1994) 495;
K. Lang and W. Ru¨hl, The Critical O(N) Sigma Model at Dimension 2 < d <
4 and order 1/N2: Hardy-Ramanujan Distribution of Quasiprimary Fields and a
Collective Fusion Approach, Zeit. f. Physik C63 (1994) 531, hep-th/9401116.
[4] A. Petkou, Conserved Currents, Consistency Relations and Operator Product Ex-
pansions in the Conformally Invariant O(N) Vector Model, Annals Phys. 249 (1996)
180, hep-th/9410093.
[5] E. D’Hoker, S.D. Mathur, A. Matusis and L. Rastelli, The Operator Product Ex-
pansion of N = 4 SYM and the 4-point Functions of Supergravity, Nucl. Phys.
B589 (2000) 38, hep-th/9911222.
[6] G. Arutyunov, S. Frolov and A.C. Petkou, Operator Product Expansion of the
Lowest Weight CPOs in N = 4 SYM4 at Strong Coupling, Nucl. Phys. B586 (2000)
547, hep-th/0005182; (E) Nucl. Phys. B609 (2001) 539.
[7] G. Arutyunov, S. Frolov and A.C. Petkou, Perturbative and instanton corrections to
the OPE of CPOs in N = 4 SYM4, Nucl. Phys. B602 (2001) 238, hep-th/0010137;
(E) Nucl. Phys. B609 (2001) 540.
[8] B. Eden, A.C. Petkou, C. Schubert and E. Sokatchev, Partial non-renormalisation
of the stress-tensor four-point function in N = 4 SYM and AdS/CFT, Nucl. Phys.
B607 (2001) 191, hep-th/0009106.
51
[9] G. Arutyunov, B. Eden, A.C. Petkou and E. Sokatchev, Exceptional non-renorm-
alization properties and OPE analysis of chiral four-point functions inN = 4 SYM4,
Nucl. Phys. B620 (2002) 380, hep-th/0103230.
[10] M. Bianchi, B. Eden, G. Rossi and Y.S. Stanev, On Operator Mixing in N = 4
SYM, Nucl. Phys. B646 (2002) 69, hep-th/0205321.
[11] L. Hoffmann, L. Mesref and W. Ru¨hl, Conformal partial wave analysis of AdS
amplitudes for dilaton-axion four-point functions, Nucl. Phys. B608 (2001) 177,
hep-th/0012153;
T. Leonhardt, A. Meziane and W. Ru¨hl, Fractional BPS Multi-Trace Fields of
N = 4 SYM4 from AdS/CFT, Phys. Lett. B552 (2003) 87, hep-th/0209184.
[12] P.J. Heslop and P.S. Howe, Four-point functions in N = 4 SYM, JHEP 0301 (2003)
043, hep-th/0211252.
[13] F.A. Dolan, L. Gallot and E. Sokatchev, On Four-point Functions of 1
2
-BPS oper-
ators in General Dimensions, JHEP 0409 (2004) 056, hep-th/0405180.
[14] M. Nirschl and H. Osborn, Superconformal Ward Identities and their Solution,
Nucl. Phys. B711 (2005) 409, hep-th/0407060.
[15] F. Gonzalez-Rey, I. Park and K. Schalm, A note on four-point functions of con-
formal operators in N = 4 Super-Yang Mills, Phys. Lett. B448 (1999) 37, hep-
th/9811155;
B. Eden, P.S. Howe, C. Schubert, E. Sokatchev and P.C. West, Four-point functions
in N = 4 supersymmetric Yang-Mills theory at two loops, Nucl. Phys. B557 (1999)
355, hep-th/9811172; Simplifications of four-point functions in N = 4 supersym-
metric Yang-Mills theory at two loops, Phys. Lett. B466 (1999) 20, hep-th/9906051;
M. Bianchi, S. Kovacs, G. Rossi and Y.S. Stanev, On the logarithmic behaviour in
N = 4 SYM theory, JHEP 9908 (1999) 020, hep-th/9906188;
B. Eden, C. Schubert and E. Sokatchev, Three loop four point correlator in N=4
SYM, Phys. Lett. B482 (2000) 309, hep-th/0003096.
[16] M. Bianchi, S. Kovacs, G. Rossi and Y.S. Stanev, Anomalous dimensions in N=4
SYM theory at order g4, Nucl. Phys. B584 (2000) 216, hep-th/0003203.
[17] G. Arutyunov, S. Penati, A. Santambrogio and E.Sokatchev, Four-point correlators
of BPS operators in N = 4 SYM at order g4, Nucl. Phys. B670 (2003) 103, hep-
th/0305060.
[18] G. Arutyunov and S. Frolov, Four-point Functions of Lowest Weight CPOs in
N = 4 SYM4 in Supergravity Approximation, Phys. Rev. D62 (2000) 064016,
hep-th/0002170.
52
[19] G. Arutyunov, F.A. Dolan, H. Osborn and E. Sokatchev, Correlation Functions and
Massive Kaluza-Klein Modes in the AdS/CFT Correspondence, Nucl. Phys. B665
(2003) 273, hep-th/0212116.
[20] G. Arutyunov and E. Sokatchev, On a Large N Degeneracy in N = 4 SYM and the
AdS/CFT Correspondence, Nucl. Phys. B663 (2003) 163, hep-th/0301058.
[21] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, A semi-classical limit of the
gauge/string correspondence, Nucl. Phys. B636 (2002) 99, hep-th/0204051.
[22] F.A. Dolan and H. Osborn, On short and semi-short representations for four-
dimensional superconformal symmetry, Ann. Phys. 307 (2003) 41, hep-th/0209056.
[23] F.A. Dolan and H. Osborn, Conformal Four Point Functions and the Operator
Product Expansion, Nucl. Phys. B599 (2001) 459, hep-th/0011040.
[24] E. D’Hoker, D.Z. Freedman, S.D. Mathur, A. Matusis and L. Rastelli, Graviton
Exchange and Complete 4-point Functions in the AdS/CFT Correspondence, Nucl.
Phys. B562 (1999) 353, hep-th/9903196.
[25] F.A. Dolan and H. Osborn, Superconformal Symmetry, Correlation Functions and
the Operator Product Expansion, Nucl. Phys. B629 (2002) 3, hep-th/0112251.
[26] M. Nirschl, University of Cambridge PhD thesis, 2005.
[27] N.I. Ussyukina and A.I. Davydychev, An approach to the evaluation of three- and
four- point ladder diagrams, Phys. Lett. B298 (1993) 363;
N.I. Ussyukina and A.I. Davydychev, Exact results for three- and four- point ladder
diagrams with an arbitrary number of rungs, Phys. Lett. B305 (1993) 136.
[28] A.P. Isaev, Multi-loop Feynman Integrals and Conformal Quantum Mechanics,
Nucl. Phys. B662 (2003) 461, hep-th/0303056.
[29] A.V. Kotikov, L.N. Lipatov, A.I. Onishchenko and V.N. Velizhanin, Three-loop
Universal Anomalous Dimension of the Wilson Operators in N = 4 SUSY Yang-
Mills model, Phys. Lett. B595 (2004) 521, hep-th/0404092.
[30] A.V. Belitsky, S.E. Derkachov, G.P. Korchemsky and A.N. Manashov, Supercon-
formal Operators in N = 4 Super-Yang-Mills Theory, hep-th/0311104.
[31] K. Okuyama and L-S. Tseng, Three-Point Functions in N = 4 SYM Theory at
One-Loop, hep-th/0404190.
[32] G. Arutyunov, S. Penati, A.C. Petkou, A. Santambrogio and E.Sokatchev, Non-
protected operators in N = 4 SYM and multiparticle states in AdS5 SUGRA,
Nucl. Phys. B643 (2002) 49, hep-th/0206020.
53
[33] M. Bianchi, G. Rossi and Y.S. Stanev, Surprises from the Resolution of Operator
Mixing in N = 4 SYM, Nucl. Phys. B685 (2004) 65, hep-th/0312228.
[34] P.J. Heslop, private communication.
54
